ONE-RING BOURGAIN ALTERNATIVE AND A 5-DECIMAL BOUND

ON THE DIMENSION OF HARMONIC MEASURE
MICHAEL ALBERT, MATTHEW BADGER, AND ALYSSA GENSCHAW

ABSTRACT. Improving theorems of Bourgain and Badger—Genschaw, we prove that the
Hausdorff dimension of harmonic measure on any domain in R?, R*, and R™ for n > 3
is at most 3 —107°, 4 — 1077, and n — (n — 1)~ (?*+6:12V") regpectively. The previous
bounds in dimensions 3 and 4 were 3 — 1071 and 4 — 10726, while Bishop conjectures
that the sharp bound is n — (n — 1)~!. The main difficulty in optimizing Bourgain’s
method is estimating non-additive s-dimensional Hausdorff-type contents when s < n is
close to n. Previous arguments used net contents associated to a fixed m-adic lattice,
with m large depending on n. We redevelop the dimension theory using pairwise disjoint
cubes in general position and obtain a new estimate showing that one thin ring without
large holes surrounding a cube makes it unlikely for Brownian motion to reach the cube
before exiting the domain. A key feature of the construction is that the holes are round
rather than rectangular. We also propose ten challenges on the dimension of harmonic
measure that may provide accessible targets en route to Bishop’s conjecture.
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1.1. Background. One way to understand harmonic measure is as the exit distribution

of Brownian motion from a domain. Let 2 C R™ be a bounded, connected, open set and
let © € €). Standard Brownian motion B : [0,00) — R" started at B(0) = = eventually
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FiGure 1.1. Brownian motion simulated in a
cube, starting at the green dot and exiting at the
red dot. With its pole at the center, each face of
the cube has harmonic measure 1/6, while each
edge has harmonic measure 0.

exits € at a random point B(te) € 0€2. The probability that the exit point belongs to
a set B C 0N is called the harmonic measure of E in € with pole at x and is denoted
by wg(E). Thus, with Q and z fixed, F — w§(F) is a Borel probability measure on
00). Kakutani [Kak44] proved the complementary analytic fact that, with Q and E fixed,
the function x — w(E) is harmonic in 2, and either w§(E) = 0 for every z € Q or
SUp,cqw§(E) = 1. In particular, the null sets of w§ do not depend on the pole, and we
commonly write that a property holds wg-a.e. or w-a.e. without specifying .

Harmonic measure also represents solutions of the Dirichlet problem. For every real-
valued f € C(092), the function

(1.1) u(z) = f(y) dwg(y), for all z € Q,
o0

is harmonic in Q) and satisfies

(1.2) limu(z) = f(y) at wg-a.e. y € 0.

T—Y

More precisely, holds outside a set of logarithmic capacity zero when n = 2 and
Newtonian capacity zero when n > 3, hence outside a set of Hausdorff dimension at most
n — 2. Equations and , together with the probabilistic interpretation above,
provide most of the background on harmonic measure needed in this paper. For more
extensive introductions, see Bishop’s review [Bis07] of the book of Garnett and Marshall
[GMO5], as well as Kenig [Ken94], Heinonen et al. [HKMO06], Helms [Hel09], Morters and
Peres [MP10], and the forthcoming book of Prats and Tolsa [PT26].

We are interested in the geometric size of harmonic measure. Recall that the upper
Hausdorff dimension of a measure is the least Hausdorff dimension of a set of full measure,
while the lower Hausdorff dimension is the infimum of the Hausdorff dimensions of sets
of positive measure. The Hausdorft dimensions of wg = w§ depend on the domain but not
on the choice of pole. On any bounded domain in R", the lower Hausdorff dimension of
harmonic measure is at least n — 2, see e.g. [Badlll Appendix A], [Wu86]. On a smooth
or Lipschitz domain, harmonic measure is mutually absolutely continuous with respect
to surface measure on 02 and thus has Hausdorff dimension equal to n — 1 [Dah77]; see
Figure [[.I] By contrast, on general domains, whose boundaries can be rough and have
Hausdorff dimension greater than n— 1, the dimension of harmonic measure may be either
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larger or smaller than n — 1, yet it can never reach the ambient dimension n. The modern
higher-dimensional theory begins with the following two results.

Theorem A (Wolff [Wol95[[). For all n > 3, there exist simply connected NTAF domains
Q C R”™ such that the lower and upper Hausdorff dimensions of harmonic measure agree
and are > n — 1. There also exist simply connected NTA domains 2 C R™ such that the
lower and upper Hausdorff dimensions of harmonic measure agree and are < n — 1.

Theorem B (Bourgain [Bou87]). For all n > 3, there exists b, > 0 such that the upper
Hausdorff dimension of harmonic measure on any domain in R™ is at most n — b,,.

Theorem |B| implies that whenever dimy 0€2 > n — b,, harmonic measure is carried by
a set £ C 0F) with dimy F < dimy 0€2. In probabilistic terms, Brownian motion almost
surely exits €2 through a set that is geometrically smaller than the full boundary. This
phenomenon, called dimension drop, was observed by Kaufman and Wu [KW85] for the
domain bounded by a von Koch snowflake and by Carleson [Car85] for Cantor-type planar
domains, and its study has grown substantially in recent years. For classical harmonic
measure, see [Vol93|, [Bat96], [BZ15], [Azz20], [DJJ23], [Tol24], [CT26]; for p-harmonic
measures with p # 2, see [LNV13], [ALV15]; for elliptic measures, see [Swe92|, [Swe94],
[DM21], [Per25], [GMPT25], [GM25]; for Robin harmonic measures, see [DDE™24]; and
for caloric and parabolic measures, see [Swe96], [BG25]. For further results related to
Theorem [A] see [LVV05], [KPT09], [Bad12], [Azz18].

Let d,, denote the supremum of the upper Hausdorff dimensions of harmonic measures
over all domains in R™. The optimal constant in Theorem [B]

(1.3) by :=n —d,,

is called Bourgain’s constant for harmonic measure in R™. Thus, the theorems of Bourgain
and Wolff imply 0 < b, < 1 for every n > 3. Moreover, if Q2 C R", then the cylinder
Q x R C R satisfies dimp woxr = dimpg wq + 1. Consequently,

(1.4) d, +1<d,1 and b, > b,y for all n > 2.

The planar theory provides an important baseline. Using conformal mappings and sub-
harmonicity of log | f| for holomorphic functions f, Jones and Wolff [JWS88] proved that
by = 1. Makarov [Mak85|] proved that on every simply connected planar domain the lower
and upper Hausdorff dimensions of harmonic measure are exactly 1. These planar results
helped motivate the theorems of Bourgain and Wolff in higher dimensions.

For n > 3, the exact value of b, is unknown. The case n = 3 is especially compelling,
both as the first unknown dimension and because of its connection with diffusion in
physical space [FGASO8]. Bishop [Bis92] conjectures that b3 = 1/2, and more generally
that b, = 1/(n — 1) for every n > 3. More than thirty years later, even the order of

TAlthough published in 1995, preliminary versions of Wolff’s paper circulated in the 1980s.
2The non-tangentially accessible domains of Jerison and Kenig are quantitatively open and quantita-
tively connected; they include Lipschitz domains and many fractal domains [JK82], [KT97].
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F1GURE 1.2. Levels 0, 1, and 2 of the cubical von Koch snowball domain
G C R3 examined in [GLFS05]. Each square of side length 37" in the level /
boundary carries an outward cube of side length 3=+ and G is the interior

of the union of the finite-level approximations. Here dimy 0G = logs 13,
while the numerics of Grebenkov et al. give dimyg wg = 2.007 £ 0.002.

magnitude of b, as n — oo remains unknown. A numerical experiment of Grebenkov et
al. [GLES05] on the cubical von Koch snowball in Figure suggests that b; < 0.995;
the first challenge in §2 calls for independently reproducing or refuting this estimate and
for numerical investigations of harmonic measure on other explicit domains in R?. More
recently, Badger and Genschaw revisited Bourgain’s proof and obtained the first explicit
lower bounds on b,, in dimensions n > 3.

Let log denote the natural logarithm.

Theorem C (Badger-Genschaw [BG24]). We have b3 > 1 x 10715, by > 2 x 1072, and
b, > 0.6n=2""=Y /logn for all n > 3. In particular, the upper Hausdorff dimension of
harmonic measure on any domain in R3 is at most 2.99999 99999 99999.

For comparison with Bishop’s conjecture and the new estimates below, Theorem [C]
implies that there exists some ng (uncomputed) such that

1 2n?
b, > < ) for all n > ng.

n—1

1.2. New results and proof strategy. The main result of this paper improves both the
explicit low-dimensional bounds in Theorem [C] and the asymptotic exponent as n — co.
We also obtain the first fully effective bound in arbitrary dimensions.

Theorem 1.1. For alln > 2,

1 2n+6.12y/n
1.5 b, > .
(15) > (n ! 1)

Corollary 1.2. We have by > 2-6+612V3) — 1.0065...x 107°. Thus, the upper Hausdorff
dimension of harmonic measure on any domain in R3 is less than 2.99999.
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The proof follows Bourgain’s original outline, which is based on a local dichotomy.
Roughly speaking, at each scale either the boundary has a sufficiently large hole, yielding
an efficient cover, or the absence of such holes creates a barrier that makes it difficult
for Brownian motion to pass deeper into the domain. Previous implementations of the
second alternative required many concentric barrier rings. Rather than optimizing a
single step, we rework every stage of the argument—replacing coarse estimates by sharp
computations, allowing the covering geometry to be chosen adaptively, and introducing
new barrier estimates—to eliminate accumulated quantitative losses and arrive at what
we believe is the essentially optimal form of Bourgain’s alternative.

On the geometric side, Section [3| develops quantitative principles for s-dimensional
Hausdorff contents when s < n, where non-additivity makes the efficiency of a cover
sensitive to the scales of its cubes: a hole in a cubical region can favor a mixed-scale cover
when s is close to n, while a single cube may be more efficient as s decreases. A general
treatment of such calculations does not appear to exist elsewhere. In §4] we replace the
fixed m-adic lattice used previously by a Bourgain-type dimension lemma that permits
pairwise disjoint covering cubes in general position and allows the entropy order o € (0, 1)
to be chosen to sharpen the estimate. In we develop a method of approximate polar
integration that transfers radial integral estimates against Frostman measures to estimates
against Lebesgue measure with explicit control of the error. Our method yields a nearly
sharp Bourgain estimate of the local harmonic measure in round regions.

The argument culminates in the one-ring alternative of §6, At a given scale, choose a
thin ring. If the boundary has a sufficiently large hole in the ring, then the hole yields
an efficient mixed-scale cover and relative Hausdorff content below 1. If no such hole
exists, the local estimate on harmonic measure makes the ring a barrier to Brownian
motion. Then a new computation converts this local barrier into quantitative control of
harmonic measure crossing a single ring, replacing the previous multi-ring construction.
A further refinement accounts for arbitrarily many returns of Brownian motion to the
barrier and sharpens the constant. The resulting reduction in geometric cost allows the
Hausdorff-content gain in the large-hole case to remain effective for exponents s farther
below n, producing the improved bounds on b,,. These gains are cumulative: reaching the
five-decimal estimate in dimension 3 depends on the refinements working together. In §7]
an explicit family of parameters yields Theorem for n > 6, while separately optimized
explicit choices of parameters gives the stated estimate in dimensions 3, 4, and 5.

2. TEN CHALLENGES ON DIMENSION OF HARMONIC MEASURE

Given the general lack of progress on computing Bourgain’s constants b,,, when n > 3,
we propose ten intermediate challenges in order to spur further research on dimension
of harmonic measure. The challenges range from concrete problems that invite direct
computation to broader, more open-ended theoretical questions. Some ask for explicit
examples or quantitative estimates, while others concern qualitative phenomena and the
nature of dimension drop. We start with four challenges in R3.
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Challenge 1 (Numerical Experiment Challenge). Using either the same or different
methodology as in [GLFS05], perform an experiment in order to numerically estimate
the dimension of harmonic measure on the cubical von Koch snowball domain in Figure
[1.2l Estimate the dimension of harmonic measure on other domains in R? such as domains
whose boundaries are cubical Cantor sets.

Challenge 2 (Explicit Upper Bound Challenge). Prove that b3 < w < 1 for some explicit
number w. If possible, rigorously verify the numerical bound discussed above.

If b3 = 0.5, as conjectured, then it should be possible to approximate this value from
?

either side. However, the current bounds 107° < bg § 0.995 are frustratingly far from 0.5.
In the authors’ view, a resolution of the following challenge would represent a significant
accomplishment on par with determining the value of bs.

Challenge 3 (One Decimal Challenge). For trivial reasons, by > 0.1 or b3 < 0.9, but we
don’t currently know the truth of either bound. Prove one (or both).

Note that the previous challenges could each be resolved by estimates on the dimension
of harmonic measure alone, without ever computing the dimension of an actual domain.
A resolution of the following distinct challenge would be very welcome.

Challenge 4 (Exact Dimension Challenge). Construct a domain  C R3 such that
dimy wq > 2 and compute dimy wq exactly.

Let us turn to high-dimensional asymptotics. We know that b, = 1 > b3 and b,, > b, 11
for all n > 3; see . We do not currently know whether or not b, > b, for all n > 3.
To aid discussion, for each n > 2, define the Wolff constant for harmonic measure by
(2.1) wy = sup wq, wq = dimy wg — (n — 1).

QCR™
Of course, w, + b, = 1, but the two constants have different interpretations: w, measures
how much larger the dimension of harmonic measure can be than the classical value n—1,
while b,, measures how much smaller it must be than the ambient dimension n. A folklore
problem is to prove that lim, ,, b, = 0, or equivalently, lim,,_,,, w, = 1, but remains
intractable. The following challenge may serve as a more accessible first step.

Challenge 5 (Growing Excess Challenge). Construct a family of domains Q" C R, for
n > 3, arising from a single geometric construction, such that

(2'2) 0<wQ3<wQ4<w95<...

What constitutes a solution to Challenge [5|is open to interpretation. A solution should
exclude trivial increases obtained by taking products with Euclidean factors. If you start
with domains Qy, Qy C R3 that satisfy 2 < dimp wa, < dimpy wq, (e.g. built using Wolff’s
construction), then Q3 x R C R* has wq,xg = waq, > wq,, but the pair Q* := Q; and
0% := Qy x R does not solve the challenge. The goal is to find a procedure that takes a
given domain in R” and produces a domain in R™"! that has larger Wolff excess. Challenge
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is difficult, because it is not clear which domains should be used. The obvious extension
of the cubical von Koch snowball to higher dimensions does not solve the challenge. To
wit, if G" C R™ is obtained from [0, 1]" by repeatedly attaching smaller cubes to the
middle-third of each face, then dimy wgn < dimy OG™ = logy(3"~! 4+ 2n — 1). Since the
latter numbers are asymptotic to n—1, we have lim,, ,,, wgr» = 0. In the authors’ opinion,
this is also indirect evidence that dimpywes is likely to be much smaller than ws.

An outcome of the present investigation, which culminated in Theorem [I.1] is that
an exponential lower bound on Bourgain’s constant probably cannot be established with
Bourgain’s alternative alone. Thus, despite being facially weaker than Bishop’s conjecture,
a resolution of the following challenge would likely represent significant progress towards
understanding the dimension of harmonic measure.

Challenge 6 (Exponential Bound Challenge). Prove b, > 107" for all n > ny for some
constants C' and ng, or prove any sub-exponential lower bound on b,, when n is large.

Packing measures and packing dimension, introduced by Tricot [Tri82], provide another
fundamental notion of size in geometric measure theory. Packing dimension may be viewed
as the countable stabilization of a better-known dimension often called upper Minkowski
or box-counting dimension; see e.g. [Mat95, Chapter 5]. For each n > 2, define

(2.3) Pn i=n — sup dimp wq,

QCR"?
which is the packing-dimension analogue of Bourgain’s constant. Since packing dimension
dominates Hausdorff dimension, 0 < p,, < b,.

Challenge 7 (Packing Dimension Challenge). Prove or disprove that p, > 0 for every
n>2. If p, >0,1is p, = b,? In particular, is p, = 17

At present, it is not clear to us whether one should expect a universal packing dimension
drop. The evidence is weak and somewhat mixed. On the pro side, Housworth already
proved the packing dimension analogue of Makarov’s theorem, i.e. harmonic measure on
every simply connected planar domain lives on a set of packing dimension 1 [Hou95]. On
the other hand, harmonic measure is already known to behave differently with respect to
Hausdorff and packing measures. Choi’s theorem on the lower 1-density at twist points
[Cho04] implies that on many planar domains, including the von Koch snowflake, every
set of o-finite packing measure P! has harmonic measure zero. This contrasts with a
theorem of Wolff [Wol93] that says for every bounded domain in R? there exists a set of
o-finite Hausdorff measure H' and full harmonic measure. Additional weaker evidence
that p, might vanish is that the proof of the Jones-Wolff theorem (by = 1) relies on a
notion of generalized Hausdorff capacity that does not mesh well with packing dimension.
Bourgain’s method for showing b, > 0 when n > 3 also cannot be easily modified to give
an affirmative answer to Challenge [7] because of its heavy reliance on Frostman’s lemma
for Hausdorff dimension.
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Even if the Bourgain constants were to be computed, there are other natural extremal
questions about dimension drop. Define the mazimal dimension drop constant

my, = sup (dimH o0 — dimy CL)Q) )
QCRn

There are domains with dimgy 0€2 = n, so Bourgain’s theorem implies m,, > b,,.

Challenge 8 (Maximal Dimension Drop Challenge). For each n > 2, is m,, = b, or is
my, > b,? If my > 1, compute my or obtain nontrivial bounds for it.

A concrete setting for investigating where dimension drop first appears is the class of
Denjoy domains, i.e. domains 2 C R? whose complements are contained in a line. David,
Jeznach, and Julia [DJJ23] constructed s-Ahlfors regular Cantor sets £ C R with s small
for which harmonic measure on R?*\ E is equivalent to H?*|z, and hence for which harmonic
measure does not have dimension drop. In the opposite direction, Tolsa [Tol24] proved
that dimpy wr2\p < s whenever £ C R is s-Ahlfors regular and 1 /2 < s < 1, and asked
for the sharp transition between these two phenomena.

Challenge 9 (Denjoy Transition Challenge). Determine the least sy € (0, 1) such that, for
every s € (s, 1) and every s-Ahlfors regular compact set £ C R, the harmonic measure of
R?\ E satisfies dimp wr2\g < s. More generally, determine whether there is an analogous
transition for s-Ahlfors regular compact sets £ C R? that are not confined to a line.

We end our list with a challenge concerning elliptic measure, the analogue of harmonic
measure associated to divergence-form uniformly elliptic operators L = — div(AV-). It is
known that fine properties of elliptic measures can differ from classical harmonic measure,
e.g. elliptic measure on a smooth domain can be singular with respect to surface measure
IMMS&1], [CFK81], [Wu94]. For 1 < A < oo, define the elliptic Bourgain constant
(2.4) bn(A) :=n — sup dimpy wg,

0,A

where the supremum is taken over domains €2 C R™ and symmetric, measurable, uniformly
elliptic matrix fields A satisfying A7'[¢]? < (A(2)€,€) and (A(x)E,n) < Al€]|n| for a.e. x
and every £,n € R". With this normalization, b,(1) = b,. Examples of Sweezy [Swe92|
Swe94] show that limy o b, (A) = 0 for every n > 2. In the plane, Guillén-Mola [GM25]
proved the bound by(A) > 2/(A +1). For n > 3, it seems likely that positivity of b, (A)
for each fixed A < oo can be obtained by a modification of Bourgain’s method, but we
are unaware of such a result in the literature.

Challenge 10 (Elliptic Bourgain Challenge). Prove that b,(A) > 0 for every n > 3 and
every 1 < A < oo, and determine the rate at which b,(A) — 0 as A — oo for each n > 2.
In particular, obtain quantitative upper and lower bounds for b,(A) in terms of A.

It would also be interesting to study analogous questions under additional regularity
assumptions on the coefficients A or for other classes of operators L.
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3. PRINCIPLES OF ESTIMATING CUBICAL HAUSDORFF CONTENTS

The purpose of this section is to understand quantitatively when empty space inside a
cube makes it advantageous to replace the cube by a cover using smaller cubes. When
the dimension parameter is below the ambient dimension, subdivision carries an intrinsic
cost, so a hole must be large enough, and the covering cubes chosen efficiently enough,
to compensate for that cost. We compare uniform and mixed-scale covers and develop
mechanisms for deciding when a hole produces a genuine gain in s-dimensional cubical
content. These principles will later be applied to the round holes that arise in Bourgain’s
alternative. As an indication of the subtleties involved, even the exact cubical Hausdorff
content of a Euclidean ball appears to be unknown.

Let n > 1 be an integer. For the purpose of this paper, a cube @) in R™ of side length
0 < ¢ < oo is any set of the form I; x --- x I,,, where each set I; is an interval of the form
(a,a+0), (a,a+/1], [a,a+{), or [a,a+F]. A singleton {a} is not a cube. If @) is a cube, then
we may denote its side length by side @) and its volume by vol @, i.e. vol Q = (side @)".
Two cubes are said to have the same type if their i-th component intervals are of the same
type for each 1 < i < n. Thus, there are 4" types of cubes in R".

Definition 3.1. Let s € [0,00). For all § € (0, 00] and for all sets E C R", we define

[e.9]

(3.1) Q5(F) :=inf {Z(side Q) FEC UQi’ Q; is a cube with side Q; < 5} )
1

1

We call Q5 the s-dimensional cubical content on R". The s-dimensional cubical measure
on R" is defined by Q*(F) := lims o Q3(F) for all £ C R™.

The quantities Q5 and Q° are outer measures on R" and Borel sets are Q° measurable
in the sense of Caratheodory. Moreover, Q35 and Q° share the same null sets. Notably,
the contents Qj are not Borel measures for any ¢ € (0, o] unless s = n.

Example 3.2. When s > n, Q5 = Q° = 0 (the zero outer measure), and when s = n,
Qr = Q" = L" (the Lebesgue outer measure on R"). When s < n, Q5 and Q° are
distinct outer measures. For instance, when s = 0, Q" is the counting measure and

0, ifE=0
Q% (E) =< 1, if Eis nonempty and bounded .
oo, if E is unbounded

All sets are Q° measurable, but the only ng measurable sets are R” and (.

Principle 3.3 (bigger cubes are more efficient than smaller cubes). Let s = n — p < n.
Suppose that a cube P is partitioned into two or more cubes QQ1, Qa, . .., Qy, i.e. P = U’f Q;
and Q; N Q; = () whenever i # j. While vol P = Zlf vol Q);,

P /vl &
(side P)* = (vol P)'=?/" < (vol P)'=F/m Z < Z) = Z(side Qi)°,
1 1

vol P
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FIGURE 3.1. Illustrating Examples and with n = 2 and m = 7.
For s € (n —1,n), the mixed subdivision on the right is substantially more
efficient than the regular m-adic subdivision on the left.

because t,...,t € (0,1) and Y25 t; = 1 implies Y% t17¢ > 1 for all € € (0,1]. From this
we obtain the following simple, but important principle. When using covers of disjoint
cubes to estimate s-dimensional cubical contents of sets in R™ from above, it is generally
more efficient to combine smaller cubes into bigger cubes wherever possible.

Example 3.4. Suppose that s < n is fixed. Let m > 3 be an integer. If we partition a
cube P of side length 1 into m" cubes @1, ..., Q,n of side length 1/m, then

mm"

(3.2) Z(side Q) =m"" =00 asm — 0.
i=1

Note that even if we deleted one of the cubes from the list, then it is still possible for the
sum over the remaining cubes to exceed 1:

mn—1

S=) (side@)* =m""—m ™ >1

i=1
unless n — s is sufficiently small depending on m. Thus, if E C Q1 U---U Q,,»n_1, then it
might still be more efficient to use P to estimate the s-dimensional cubical content of E
instead of the smaller cubes Q1, ..., Qn_1.

Now, S < 1 if and only if n — s < —log,,(1 — m™™). By concavity, the tangent line

of log(1 4 z) at x = 0 lies above the graph of the function. Hence, for all —1 < z < o0,
log(1 + z) < 2. It follows that for all 0 < z < 1,

1 x x
) < _ —7) = — | = < .
(3.3) r < —log(l —x) log(l_x) log (1—|— 1—x) <1

Thus, we see that a sufficient condition for S < 1 is for n — s < 1/(m™log(m)), which
roughly speaking is smaller than the volume of the “hole” (the deleted cube) by a factor
of log(m) that blows up as m — oo.

Example 3.5. Let s € (n — 1,n) be fixed. Let m > 3 be an integer. If we partition a
cube P of side length 1 into one cube Q) of side length 1 — (1/m) and N = m™ — (m —1)"
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cubes Q1, ..., Qny of side length 1/m (see Figure [3.1)), then by the binomial theorem,

N

(side@;)* = (1—m™ ") +m" ™ (1—(1—-m™ ")
R

=(1-mH*+0m" 1) =1 asm— oo,
because n —s — 1 < 0 and O(m" 1) < Cm™*~! for some constant C' depending only
on n. Compare (3.4) with (3.2). This simple observation is one source of our improved
estimates for Bourgain’s constant b, compared with the estimates in [BG24].

If we omit one of the smaller cubes, then the s-dimensional content of the list becomes
_N-1
S = Z(side Q) =1-m )Y +m" = (1-1-m")"—m™")
i=0

= mp<1 —(1=m-1D")(1-m )" - m‘"), where p =n — s.

Hence S < 1 if and only if

3.5 1—-m?P<(1—=(m-=1)"")(1-mH" -,
(3.5) A Gl Ut Ul e
B C

To find sufficient conditions on p for S < 1, let us bound A from above and B and C'
from below. Applying (3.3) with z =1 — m™", we have

A=1-m"<—log(l—(1—-=m7")) = plog(m).
From the Taylor series bound e™® < 1 — x + (1/2)2? for all z > 0, it follows that

1
B=1—¢*lem D> plog(m —1) — §p2 log(m — 1)2.

Next, by considering the sign of the derivative of f(z) = (1 + x)" — (1 + nx), one may
verify that f(z) has a global minimum on [—1, 00) at & = 0. This is Bernoulli’s inequality:

(3.6) (14 z)">14nx foralaz>-—1.

Hence C'= (1 —m™")" > 1 — (n/m). Substituting our bounds for A, B, and C into (3.5
and rearranging, we discover that S < 1if p = n —s < 1 and p satisfies the quadratic
inequality

1

(3.7) [5 (1 - %) log(m — 1)2} P+ {log (1 + ﬁ) + % log(m — 1)] p<m"

Suppose that 0 < p < m™™/(n + 1) and recall that n > 1 and m > 3. Estimating
generously, the left hand side of (3.7) is bounded above by

1

5 tox(m)’]

—2n -n

m
n+1

(nm—|——1)2 + [log(S/Z) + % log(m)2]

1 9log(m)? _ _
< | =1 2)+ - " 82m™"
_<20g(3/)+8 - m~ " < 0.82m™",
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n  lower(n) wn, upper(n) n  lower(n) W, upper(n)
1 1.99851... 2.00000... 2.11268... 6 5.16749... 5.16771... 5.27627...
2 3.14056... 3.14159... 3.27419... T 4.72462... 4.72476... 4.81293...
3 4.18807... 4.18879... 4.33003... 8 4.05862... 4.05871... 4.12683...
4 4.93430... 4.93480... 5.07329... 9 3.29845... 3.29850... 3.34881...
5 5.26345... 5.26378... 5.39028... 10 2.55013... 2.55016... 2.58579...

FIGURE 3.2. Exact values vs. bounds for w,, in Lemma for 1 <n <10.

where the reader can verify the final inequality by checking that the expression in round
parentheses is maximized over integers m > 3 when m = 7. Thus, a sufficient condition
for S < 1isfor n —s < m™/(n+ 1), which is smaller than the volume of the deleted
cube by a factor n + 1 that is independent of m.

The previous pair of examples illustrate the following principle.

Principle 3.6 (volume of a hole provides a good heuristic for when to use smaller cubes).
When there a “hole” or “empty space” @ inside of a cube P, then a cover of P\ @ with
cubes of side length smaller than P can provide a better estimate for the s-dimensional
cubical content of P\ () than (side P)* as long as n—s is (a bit) smaller than £™(Q)/L"(P).
Using uniform covers of side length ¢side P requires something like n — s is less than the
relative Lebesgue measure divided by log(1/t). Using covers of mixed sizes can lead to a
larger range of valid n — s.

Let B(x,r) denote the open ball with center x € R™ and radius r > 0, respectively.

Lemma 3.7. Denote the volume of the unit ball in R™ by w,, i.e.

71'”/2 00
' _ T — tac—l —t dt .
(3.8) W, T 1)) (x) /0 e (x > 0)
For alln > 1,
39 1 Vare' e

el/(6n+12) 2\/%3\/71—4—2”4_1 2ﬁ3m+1

Proof. The formulas for the volume of an n-ball are well-known. Apply the Stirling’s
inequalities for the gamma function, see e.g. [Art64] or [Jam15|, with x = (n + 2)/2:
V2 x V2 x
(3.10) Al <£> <I'(x) < vz <£> /020 for all 2 > 0. O
Vo \e Vo \e

Table (3.2)) shows that the bounds in Lemma rapidly approximate w,, particularly
the lower bound with its exponential correction. Note that w, is maximized when n = 5.

Example 3.8. Let 0 < s < n. Let’s estimate the s-dimensional cubical content of the
open unit ball B(0,1). When s > n — 1, it is easy to verify that Q3 (0B(0,1)) = 0 and
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Ficure 3.3. Illustrating Example with n =2 and s = 1.75. As s T n,
uniform covers require increasingly small cubes, while covers using cubes of
several sizes can be more efficient.

Q3. (B(0,1)) = Q% (B(0,1)). Circumscribing B(0,1) with a single cube of side length
2 = diam B(0, 1), we obtain an initial bound

(3.11) 0 (B(0,1)) < 2°.

Cover B(0, 1) with pairwise disjoint cubes of side length ¢ that intersect B(0, 1); e.g., take
cubes from some partition of R” by half-open cubes of side length t. Any such cube has
diameter /nt and is contained inside B = B(0, 1+ /nt). Therefore, the number of cubes
N; of side length ¢ needed to cover B(0,1) is no more than

volume of B _wa(14/nt)"
volume of a cube tn ’

Covering B(0, 1) with said cubes, we obtain
Q5 (B(0,1)) < wy(1+ v/nt)"t~ "),
By a simple calculus exercise, the latter expression is minimized when ¢ = (n —s)/(sy/n):

(3.12) O (B(0,1)) < w, ( vn )n

s$ \n—s

This is a reasonable discovery insofar as the upper bound on Q% (B(0,1)) tends to w, =
Q"(B(0,1)) = Q" (B(0,1)) as s 1 n. However, we note that this bound is not sharp by
Principle [3.3] because we could combine many of the little cubes of side length ¢ inside
of B(0,1) into bigger cubes. To the authors’ knowledge, the exact value of the content
Wh,s := Q3 (B(0,1)) is unknown and computing it is an open problem.

For instance, when n = 2 and s = 1.75, we can cover B(0, 1) with 256 squares of side
length ¢ = 0.12 (see Figure [3.3)); this cover leads to the bound QL7(B(0,1)) < 6.2633...,
which is substantially worse than the bound QL7 (B(0,1)) < 217 = 3.3635... from ([3.11)).
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™
= ~

|
e

FiGUurEe 3.4. Illustrating Example with n = 2 and h = 25. The blue
squares lie inside B(z, ), while the orange squares intersect the complement
of B(z,r) and are disjoint from the interior of B(z,1).

However, we can beat the 21'™ bound by using several side lengths: cover B(0,1) with

one cube of side length 1.9, 36 cubes of side length 0.05 and 24 cubes of side length 0.03
to obtain QL(B(0,1)) < 3.3170..., greater than 1% improvement over (3.11)).

Example 3.9. Let s € (0,n), close to n, and let B = B(x,r) be any (open) ball contained
in [0, 1]". We wish to estimate the s-dimensional cubical content of the set £ = [0, 1]™\ B
in terms of n, s, and r, but independent of the location of B within the [0,1]". In
contrast with the previous example, we add a further stipulation: we want to estimate
Q5 (E) using only pairwise disjoint cubes that are contained in [0, 1]™.

Let h > 2 be a (large) integer. Partition [0, 1]™ into a family Q) of h™ pairwise disjoint
cubes of side length 1/h. Let R, denote the subfamily of all cubes in Q) that intersect
E. Given 0 < t < r (close to r), assume that h is sufficiently large so that r — \/n/h > t,
i.e. assume that h > \/n/(r(1 —t/r)). We remark that h tends to infinity as the radius
of B goes to 0 and as well as when ¢t approaches . No cube in R, intersects the interior
of B(z,t). Thus,

volume of [0,1]" — volume of B(z,t) 1 —w,t"
volume of a cube  (1/h)n

#Rn <
Because the cubes in Ry, cover E and have side length 1/h, we obtain
(3.13) Qi (E) < ) (sideR)* < A" (1 — wyt").
ReR

In order for (3.13) to improve on the trivial bound Q3 (£) < Q3 ([0,1]") < 1, we need
s to be sufficiently close to n so that (n — s)log(h) < —log (1 — wyt™). In particular, it
suffices to take n — s < w,t"/(log h), which is consistent with Principle
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4. BOURGAIN-TYPE DIMENSION LEMMA WITH CUBES IN GENERAL POSITION

For s € [0,00) and E C R", let H*(E) denote the s-dimensional Hausdorff measure,
defined as in Definition but allowing covers by arbitrary sets E; C R" and replacing
(side @;)* by (diam E;)*. Since Q° and H*® are comparable up to dimensional constants,

dimyg F :=inf{s > 0: H*(F) < oo} =inf{s > 0: Q°(E) < oo}.
For a Borel measure p on R, its upper Hausdorff dimension is
dimg p := inf{dimy E : u(R"\ E) =0, E Borel}.

We will use the countable stability of both notions: dimy |J; E; = sup;dimy E;, and if
R" = J, E; with each E; Borel, then dimg, p1 = sup, dimpg(p L E;).

The following dimension lemma originates in Bourgain’s work on the dimension of
harmonic measure [Bou87|, where the relevant estimates appear within the proof in a
form adapated to its specific setting. An explicit formulation and proof appear in the
parabolic setting in [BG25, Theorem 2.10] and a Euclidean version appears in [BG24].
The formulation below allows pairwise disjoint covering cubes in general position and
arbitrary a € (0,1). We also refine the proof to eliminate a loss in the type (II) iteration,
thereby recovering the factor 1 — « in the definition of A,,.

Theorem 4.1 (Bourgain-type dimension lemma with cubes in general position). Let p
be a Borel regular outer measure on R™ that is finite on bounded sets, and let E C R™ be
a Borel set with u(R™\ E) = 0. Suppose that there exist parameters o € (0,1), p € (0,n),
g€ (0,1), 7 € (1,00), and v € (0,1) such that for every cube P in R™ with side P < 1,
at least one (possibly both) of the following conditions holds:
(I) there is a cover of EN P by a finite or countable list of pairwise disjoint cubes
Q1,Q, ... contained in P with side Q); < B side P such that

Z(Side Q)" < (side P)"*;

]

(IT) there is a cover of E N P by a finite or countable list of pairwise disjoint cubes
Ry, Rs, ... contained in P with side R; < B side P such that

Z(side R)" P <7 (sideP)""” and ZM(RZ-)"(VOI R)'7™ < vy u(P)*(vol P)t~2.

2

Then the upper Hausdorff dimension of i is at most

—1
(4.1) n— (1 ia)\ ) p, where \, := %0(7) € (0, 00).

One may, if desired, restrict throughout to cubes that are half-open of some fized type.

Proof. We may assume that pu(E) > 0, otherwise p is just the zero measure. Although the
theorem permits cubes of different types (for later applications), the proof uses only their
nesting, pairwise disjointness, and side lengths, not the assignment of cube boundaries.
Thus, if the hypotheses are known only for half-open cubes of one fixed type, the same
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proof applies with the initial unit cube chosen to have that type. By countable stability,
it suffices to restrict pu to a unit cube Py of positive measure. Replacing E by E N Py
and p by p L Py, and then normalizing p, we may assume that £ C Fy, side P, = 1, and
wu(Py) = 1. Conditions (I) and (II) persist under these reductions.

Fix 0 <e<1land 0 <o < A,pe. We will prove that

dimgy pu < max{n — p(1 —¢€),n —o}.

This suffices, because for e = 1/(1 + \,), we have p(1 —€) = Aype = A\op/(1 4+ \y), and o
may be taken arbitrarily close to A,pe from below. Fix any 0 < ¢ < 1 sufficiently small
such that log, (677¢) > 2 and let s = [log, (077¢)]. Since s — 1 < log, (677¢) < s,

(4.2) STl g < s,

We now inductively build a tree 7 = UZL:07] of finite depth L. Each set in 7 is a
cube contained in Fy and the cubes in any given level 7; are pairwise disjoint. Each cube
@ € T/y1 is contained in a unique cube P € 7T, and satisfies side@ < [side P, but in
general there is no lower bound on side () in terms of side P. For any cube P € T;, we let
Child(P) ={Q € Ti11: Q C P}. Wecall P € T terminal if sideP < ¢ or EN P = 0.
Terminal cubes will have no children, while every non-terminal cube will have at least one
child. The depth L is finite, because side () < fside P forces the side lengths along any
chain to decay geometrically until the terminal condition side P < ¢ is reached.

Base Case. At the top level, put 7o = {Fp}.

Induction Step. Suppose that T, # () for some [ > 0 and let P € 7;. If P is terminal,
we add no children. Otherwise, we shall include a nonempty, finite or countable family of
pairwise disjoint subcubes of P as sets in 7;,1. On the one hand, if P satisfies condition
(I), then we say that P is type 1. Choose pairwise disjoint cubes (1, @2, ... contained in
P with side Q); < fside P that cover E N P and have

(4.3) D (side Q)" < (side P)"*
In this case, we include the cube Q; € T4 for each i, so that Child(P) = {Q1,Q2,...}. On
the other hand, if P fails condition (I), then P satisfies condition (II) and we say that P is

type 2. Choose pairwise disjoint cubes Ry, R, ... contained in P with side R; < [side P
that cover £ N P and satisfy

(4.4) Z(mdeR )P < 7 (side P)" Zu *(vol R;)' ™ <~ u(P)*(vol P)'~
In this case, we include each R; in 7;y1, so that Child(P) = {Ry, Rs, ... }. Repeating this
procedure for each P € 7T, completes the definition of 7; ;.

Goal. Write 1 := max{n — p(1 — €),n — o}. We aim to find a Borel set F5 C E with

: n o _ - <
(4.5) 1;{51 p(R™\ Fy) 1551 p(EN\F5) =0 and Qf; (Fs) <2 < oo,

where ((0) — 0 as § — 0 is a scale to be specified below.
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Let T* denote the terminal cubes in 7 that intersect E. Every Q € T* satisfies
side @ < 4. Since side Py =1 > § and pu(FE) = 1, the initial cube Fy is not terminal. We
now use terminal cubes to identify two collections £, F C T with ENF = (), as well as
a subfamily G C F. We say that Q € T* N7, is efficient for Q" and include @ € & if
the chain Py, ..., P_; of ancestors of () contains fewer than s type 2 cubes. Otherwise,
there is a unique ancestor P of () that is the s-th type 2 cube in the chain, and we include

P € F. By construction,
EclT clJevlUF

Furthermore, side @ < 6 for all Q € £ and § < side Q < 55! for all Q € F, since cubes in
& belong to T* and cubes in F are not terminal and have at least s — 1 ancestors. Thus,
E U F covers E by cubes of side length at most ((d) := max{§, 35~'}. With e fixed, as
9 — 0 we have s — oo and ((d) — 0. Finally, let G consist of those @) € F satisfying

(side Q)" < u(Q)

and put Fy = ENJ(E UG). Since F is Borel, the set Fj is Borel.

We now make estimates towards . Both of the sums below run over cubes lying at
different levels of 7 and are controlled by the following observation. For @ € T, let #(Q)
denote the number of ancestors of ) in T of type 2. Suppose that a number w(Q) > 0 is
assigned to each Q € T and k > 0 is a constant such that

(4.6) Z w(Q) < w(P) if P is type 1, Z w(Q) < kw(P) if P is type 2.
QEChild(P) QEChild(P)
If A C T is a pairwise disjoint family of cubes, then

(4.7) Z w(Q) < ( sup ﬁt(Q)>w(Po).

QcA QeA
Indeed, put W(P) = Y {w(Q) : Q € A, Q C P} and M(P) = sup{x" @~ . Q ¢
A, @ C P}. A downward induction gives W (P) < M(P)w(P): this is immediate if no
cube of A lies in P or if P € A, and otherwise follows by summing over Child(P) and
applying (4.6). Taking P = By, for which ¢(Fy) = 0, gives (4.7)).

Assign w(Q) = (side Q)" ” and k = 7, so that (4.6)) is precisely (4.3) together with the
first inequality in (4.4)). Cubes in £ are terminal, hence pairwise disjoint, and ¢(Q) < s—1

for each of them. Thus, by (4.7) and (4.2),
Z(side QP < <P
Qee&
On the one hand, since side@ < § < 1 for all ) € &,
QUEN[JE) <D (side@)" 7179 <67 “(side Q)" < 1.
Qeg Qe
On the other hand, since side@Q < 3! <1 forall Q € G,
1o (ENJG) <D (side@) 7 <Y (@) <1,

Qeg Qeg
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because cubes in G are pairwise disjoint subsets of F,, satisfy the defining inequality for
G, and p(Fy) = 1. Thus,

Qs (Fs) < QUEN[JE) + QL (En[JF) <2 < o
To verify (4.5), it remains to estimate p(E \ Fs) in terms of 4.
For every @ € F \ G, we have
(4.8) vol @ = (side Q)7 (side Q)" 7 > 67 u(Q).

Furthermore, by Holder’s inequality with exponents 1/a and 1/(1—a), for all non-terminal
cubes P € T,

> M(Q)“(VolQ)l‘aﬁ( > u(@))a( > volQ)l

(4.9) QEChild(P) QEChild(P) QEChild(P)
< u(P)*(vol )=,

—Q

because the children of a cube are pairwise disjoint subcubes. Now assign w(Q) =

w(Q)*(vol Q)1 and k = +, so that (4.6) is (4.9) together with the second inequality
in (4.4)). The cubes in F are pairwise disjoint and t(Q)) = s — 1 for each of them, whence

and 1u(Py) = vol(Py) = 1 yield
D (@) (vol Q)T < 4

QeF

Combining these estimates gives

WENE) < Y n@ = Y w@ (@) 2 500 3 u(@) (vol @)1

QEF\G QEF\G QEF\G
< 5—0(1—04),}/5—1 )

Since v = 707 and 775 < 67 by ([4.2)),

,ys—l _ T(l—a))\a (T—s)(l—a)/\a < 7_(1—04))\(15(1—04)/\04pe'
Combining the last two estimates,
4.10 E\ Fy) < 7m@ag=a)Qapema) () 45 § — 0,
( 7

because o < A\ pe. We have verified .

Conclusion. By (4.10)), we may choose §; > 85 > -+ — 0 such that Y_° u(E\ Fy;) < 0o
and log, (6;”) > 2, and put F:= liminf; .o F5, = U2, N, F5,- By the Borel-Cantelli
lemma, E'\ F' = limsup, ,.,(& \ Fs,) has y measure zero. Finally, F' is Borel and

QN(F) = ]1520 o (ﬂ F(;i) = lim sup Qg(ék) <ﬂ F6¢> <2< o0
i=j

L J—00 >;
1=j =

by continuity from below and (£.5)). Therefore, dimpy p < dimyg F < 7. O
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5. FROSTMAN MEASURES AND APPROXIMATE POLAR INTEGRATION

5.1. Frostman’s lemma with constant 1. In this paper, in order to describe the local
size of a set using disjoint coverings of cubes, with both flexible positioning and enough
rigidity for computational ease, we utilize the following terminology.

Definition 5.1. Let n > 1 and m > 2 be integers. Let ¢ € (0,00). An m-adic net A at
initial scale t is a family of cubes in R™ such that

(i) Every cube Q € A has side length tm~* for some integer k > 0.
(ii) The set Ay of cubes in A of side length tm~* is pairwise disjoint.
(iii) For every integer k > 0 and every cube Q) € Ay, there exists a family Child(Q) C
Aj41 such that @ = [J Child(Q); moreover, Agy1 = Ugea, Child(Q).

We call the set Ay the k-th level of A. We call the set [J A the site of A and denote it
by Site(A). A 2-adic net is called a dyadic net.

Note that we do not require the cubes in an m-adic net A to be of any particular type.
Furthermore, each level of a net partitions the site of the net. We introduced the concept
of the site of a net in order to localize certain estimates; e.g., see and (6.7). In the
latter application, the site of the net Ap, is assembled from small cubes in a multiscale
partition of a cube P that fill out a ball from inside. Net content then permits these
top-level cubes to be refined at smaller scales to cover 952 efficiently within the site.

Definition 5.2. Let A be an m-adic net and let s € [0,00). For every set £ C R", we
define its s-dimensional A content by
(5.1) ME#(E) := inf {Z(side Qi) : ENSite(A) €| Qi Qi€ A} .
1 1

The quantity M%:* is an outer measure on R™ that is carried by the site of the net in
the sense that M%:*(R™ \ Site(A)) = 0. The main advantage of net contents over cubical
contents lies in our ability to restrict to disjoint covers. The main disadvantage is that
net contents are neither translation nor dilation invariant.

Lemma 5.3. Let A be an m-adic net in R and let s € [0,00). For every set E C R",

As . ) \s L ©@1,Q2, - € A are pairwise disjoint, and
M*(B) = inf { D> _(side@i): oY Site(A) C U, Q; C Site(A) '

1

Proof. Each family on the right is admissible in the definition of M%*(E), whence the
right hand side is at least M%°(E). Conversely, let Q1, Qa, - - € A cover ENSite(A). If Q;
has side length tm =%, then any cube in the family that contains @; has side length tm~* for
some integer 0 < ¢ < k. Thus, each (), is contained in a cube of the family that is maximal
with respect to inclusion. Let I index the distinct maximal cubes. Two cubes in A are
either disjoint or nested, so {Q; }ier is pairwise disjoint and covers F N Site(A). Since the
maximal cubes form a subfamily of the original family, >, (side Q;)® < " (side @;)°. O
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We use the following variant of Frostman’s lemma for dimensions close to n. Without
the assumption s > n — 1, the lemma remains valid, but the bound p(K) > M%4(K)
must be replaced by u(K) > 27" M%5(K).

Lemma 5.4 ([BG24, Lemma 2.3]). Let A be any m-adic net in R". If K is a compact
set with K C Site(A) and s € (n —1,n|, then there exists a Radon measure p on R™ such
that 1(Q) < (side Q)* for all Q € A and pu(R™) = pu(K) > M33(K).

5.2. Approximate polar integration of radial functions. In this subsection, we let
A denote any fixed dyadic net with initial scale h=* € (0, 1] for some integer h > 1. For
convenience, let B2(z,r) := B(x,7) N Site(A) denote the portion of the open ball B(z,r)
lying in the site of the net.

Definition 5.5. Let n > 3. For all s € (n — 1,n| and z € R", define the constant

1
5.2 0.(n,s;A) := sup/ ——du(x),
(5:2) ( ) BA(0,1/2) |z — 2|2 (@)

In

where the supremum is over all Borel measures p on R™ carried by B2(0,1/2), in the sense
that u(R™\ B2(0,1/2)) = 0, and satisfying the Frostman-type bound p(Q) < (side Q)
for all @ € A. Define

(5.3) O(n, s; A) := sup O,(n, s; A).
z€R™
Lemma 5.6. Letn >3 and s € (n — 1,n]. If B(0,1/2) C Site(A), then
1 n
O(n,s; A) > Op(n, s;A) > / T dr = n
B(0,1/2) |z | 8

Proof. The first inequality is apparent. If y is Lebesgue measure restricted to B(0,1/2),
then p(Q) < (side@)" < (side@)® for all @ € A, because cubes in A have side length
at most h~! < 1. Thus, we obtain a lower bound on Oy(n,s; A) by taking z = 0 and
integrating [ B(0.1/2) |z|~"=2) dz using polar integration (recall that nw, is the surface
measure of the unit sphere S"~! C R"). O

To estimate the dimension of harmonic measure using Bourgain’s method, we need to
upper bound O(n, s; A) when s is close to n. We achieve this through a flexible scheme
to approximate integrals of radial functions against Frostman-type measures. The main
idea is to use Whitney-type cubes to transfer part of the homogeneity from the Frostman
condition to the integrand in order to convert the original integral into polar integration
against Lebesgue measure. The details will take up the remainder of this subsection.

Lemma 5.7. Let n > 3 and h > n®. For all z € B(0,2) and 0 < &£ < (3h)™!, there exists
a family of pairwise disjoint cubes YW C A such that

(5.4) B2(0,1/2)\ {z} c W c B2(0,1/2 + 2.5V/n¢),

(5.5) 0< £ dist(z, Q) < side@Q < Edist(z,Q)  for all Q € W.

21+ Vnd)
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Proof. Let z and & be given. If B2(0,1/2) \ {z} = 0, then the lemma holds with W = 0.
Thus, let us assume that B2(0,1/2) \ {z} is nonempty. Say that a cube Q € A is
admissible if (i) Q N B2(0,1/2) # 0, (ii) dist(z,Q) > 0, and (iii) sideQ < &dist(z, Q).
Every admissible cube satisfies

(5.6) side @ < &dist(2,Q) < & (Jz]+3) < % <h

since Q N B2(0,1/2) # 0, z € B(0,2), and £ < (3h)~!. In particular, since A has initial
scale h~', every admissible cube @ has a unique parent QT € A.

Let W denote the family of admissible cubes that are maximal with respect to inclusion
among admissible cubes. Then W is pairwise disjoint, because distinct cubes in A are
disjoint or nested. If z € B2(0,1/2) \ {z}, then every sufficiently small cube Q € A
containing x is admissible, since dist(z,Q) — |r — z| > 0 and side @ — 0 as side @ | 0;
hence W D B2(0,1/2) \ {z}. Similarly, since diam Q = y/nside Q < 2.5\/n& for every
Q € W by (.6)), we have (JW C B2(0,1/2 + 2.5y/nf).

Claim: dist(z, Q") > 0 for every Q € W. Assume to the contrary that dist(z, Q") = 0
for some € W. Then, since £ < (3h)™! < (3n3)7! < (64/n)~! and side Q < £dist(z, Q),

dist(z, Q) < dist(z, Q") + diam QT = 2y/nside Q < %side@ < (1/3) dist(z, Q).

Since dist(z, Q) > 0, this is impossible. The claim is established.

It remains to check the lower bound in (5.5). To that end, fix Q@ € W. The parent
Q' satisfies (i), because Q C Q', and satisfies (ii), by the Claim. Thus, maximality of Q
forces QT to fail (iii); that is, side QT > £ dist(z, Q). Hence

2side @ = side Q" > £ dist(z, Q") > ¢ (dist(z, Q) — diam Q")
= ¢dist(z, Q) — 2v/néside Q,
and collecting the terms in side () establishes (5.5)). O

Lemma 5.8. Let n > 3, let s € (n — 1,n], and let p be any admissible measure in the
definition of O(n,s;A). Let h > n®. Given z € B(0,2) and 0 < £ < (3h)™!, let W be a
family of cubes as in Lemma[5.7. For all Q € W,

1 2\"7° 1
D[ ae < (2) arevare [
(5 7) /Q ‘.T . Z‘n,Q d#@) — (£> ( + S\/ﬁ) 0 ‘.’E _ Z|n72+(n75) dﬂf,

where the second integral is with respect to Lebesque measure.

Proof. On the one hand, the Frostman-type bound p(Q) < (side Q)* and lower bound in

(5.5) imply

1 (side @)™ 2(1 4+ &y/n)\"° (side @)™
/Q |z — z|n2 dulz) < dist(z, Q)" 2(side Q)"* = ( 3 ) dist(z, Q)2+ (n=s)"

On the other hand, if we write ex(Q, 2) = sup,q |y — z| for the excess of Q over z, then

the upper bound in implies ex(Q, z) < dist(z, Q) + diam Q < (1 4 &/n) dist(z, Q).
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Hence
/ 1 g > (side @)™ < (side Q)™
0 |ZL’ _ Z|n—2+(n—s) - eX(Q, Z)n—2+(n—s) - (1 + gﬁ)nfwr(nfs) dlSt(Z, Q)n*2+(n75) :

Merging the displayed equations yields (/5.7]). 0

Theorem 5.9. Let n > 3 and h > n® be integers. For all s € (n — 1,n| satisfying
n—s<0.2/(n®logh),

1\ nw
5.8 O(n,s;A) < [ 1+ — =
(5. o)< (140 ) ™
Remark. The upper bound in (5.8) depends on n and h, but otherwise is independent of
the net A.

Proof. Let s satisfy the hypothesis. Then (n — s)logh < 0.2n¢ < 0.2/729 < log2; in
particular, A"* < 2. Fix z € R™ and let u be an admissible measure in the definition of
0,(n, s; A). We must bound O,(n, s; A) from above independently of z.

We first dispense with the case when z is far away from the origin. Suppose that
|z] > 2. Every cube Q € A of side length h~! that meets B(0,1/2) is contained in
B(0,(1/2) +y/nh™1) and carries u(Q) < h™° = h"*vol Q). Since the cubes of side length
h~!in A are pairwise disjoint and yu is carried by B2(0,1/2), summing volumes gives

oy 2 (1)

Because |z — z| > |z| — (1/2) > 3/2 for all x € B(0,1/2), and because h"~* < 2
<e

Vn/h <n7%5 and (1 + 2n725)" < exp(2n~1%) < 1.5,
(5.9) / dp(z) < h" (1 n @) < M 54 < nwn’
BA(0,1/2) |z — 2|n=2 = (3/2)n=2 \ 2 h 8 n3n 8

the last inequality because n 3" > 81 for all n > 3.

Suppose instead that z € B(0,2). Fix 0 < ¢ < (3h)~! and let W be a family of
cubes as in Lemma Since y is carried by B2(0,1/2) and the Frostman-type bound
applied to cubes containing a point of Site(A) at arbitrarily small scales gives zero mass
to singletons, we have u({z}) = 0. Thus, by Lemmas 5.7 and

1
\/BA(01/2)’$_Z|n 2 Z/ ’l’—Z’n 2 (x)
2 " n— n 5
(5.10) < (E) (1+&v/n) 2™ Z/ |q:—z|" prapmn i

2\"° 1
<[z 1 n2+2(ns)/ dr.
<(;) arenm s e e

(0,1/2+2.5/n¢
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For brevity, temporarily write r = (1/2) + 2.5y/n€ and § = n — 2+ (n — s). By Tonelli’s
theorem or layer-cake formula, and by monotonicity of volume,

/ 2 — 2| do = / L" (B(z,t_l/g)ﬂB(O,r)) dt
B(0,r) 0

< /00 min (ﬁ"(B(z,t_l/e)),E”(B(O,r))) dt
5.11) oo
( = / L (B(O,t_l/e) N B(0, 7“)) dt = / 2|70 da

(0,r)

r 1 2—(n—s)
—nw, [ g = [~ 495 .
nw /0 - \2 + 2.5y/né&

Together (59), (5.10), and (5.1T) imply
2 nes nwy, 1 2—(n—s)
sup O,(n, s; A) < (E) (14 &y/n)n2t2n-s "0 <§ + 2.5\/55)

zER™ 2— (TL - S)

_ n;}n (g)ns (1 + 5\/5)n—2+2(n—s) : _1u (1 + 5\/55)2_(”—5) .
2

To derive the effective bound, set

. 1 1
(512) f = min (3—h, W)

and split the last display as O(n, s; A) < (nw,/8) - A- B, where

1 4(1 2\
A= (1+&y/n) 2 (14—5\/%&)2, B = s ( ( +§\/ﬁ) ) i
2
Since (14 0.04n7%)(1 +0.95n7%) =1+ 0.99n7° 4+ 0.038n"2 < 1+ n, to prove (5.8) it
suffices to bound A by 1+ 0.04n"% and B by 1+ 0.95n7°.
From 1+ z < e” for all z € R and n 4+ 8 < 11n/3, we obtain

A < oxp (gl +8) < oxp (L) <enp (5 )

Because log(1 + x) >z — x?/2 and n=% < 1/729,

log(1 + 0.04n7) > n " (0.04 - %) > 0.0399n % >

11
2768

Therefore, A <1+ 0.04n75.

Next, v/né < (92n")~' < 1075, so that 4e%5(1 + &/n)? < 6.67. Since n — s <
0.2/(nlog h) < 107, we have 1/(1 — 252) < ¢%51"=%) and therefore
4695 (1 4 £/m)? 6.67

: < (n—s)log—.

log B < (n — s)log c
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Since h > n? and n > 3, we have logn < %logh and logh > 3log3 > 3.21. Thus, by
(5.12)),

log % = max (log(20.01) + log h, log(613.64) + 7.5logn)

< max (2.997 + log h, 6.42+ 7.5logn)
< max (2logh, 2logh + 2.5logh) = 4.5log h.

Hence log B < 0.9n79, while log(1+40.95n75) > 0.95n75(1 —0.475n7°%) > 0.949n75. Thus,
B <1+ 0.95n7%, and we have proved (5.8)). 0

We now illustrate how to use the constants O(n, s; A) with other normalizations.

Lemma 5.10. Let n > 3 and h > 1 be integers. Let xo € R™, let r > 0, and let A be
a dyadic net with initial scale 2rh™. Let s € (n — 1,n|. If v is a Borel measure with

v(R™\ B2(z0,7)) = 0 and v(Q) < (side Q)® for all Q € A, then

swp [ dvle) < (20000, K),
B

z€R™ A(zg,r) |CL’ - Z|n_2
where A is the dyadic net with initial scale h™1 obtained by applying the homeomorphism
y = fy) = (y—x)/(2r) to A.
Proof. Note that f maps Site(A) onto Site(A) and B(zg,7) onto B(0,1/2); hence f maps
B2 (g, 7) onto B2(0,1/2). Define the image measure i = (2r)~* fev by the rule pu(E) =
(2r)~*v(f~YE)) for all Borel sets E C R™. In particular, u(R"\ B2(0,1/2)) = 0 and
w(Q) = (2r)*v(xo + 2rQ) < (2r)*(side(zg + 2rQ))* = (side Q)*

for all ) € A. Hence i is an admissible measure for the constant O(n, s; Z) Let w € R,
let z = f(w), and define g(x) = |z — 2|~ for all x € R™. By the change-of-variables
formula [ gdf;v = [ go f dv for image measures, e.g., see [Mat95, Theorem 1.19], we have

~ 1 1 1
O A S = — v
(n,s; ’E/BZ\W) Ty ) = s /BA(M 7 = fw= @

(22 / L )
@) Jpspn ly— w2 Y

Rearranging and taking the supremum over w € R"” completes the proof. U

By an abuse of notation, given integers n > 3 and h > 1, a point xg € R™, a number
r > 0, a number s € (n — 1,n|, and a dyadic net A with initial scale 2rh~!, we write
O(n, s; A) for O(n, s; 5), where A is the net at initial scale h=1 obtained from A as in
Lemma [5.10 The value so defined depends on the normalization, but our estimates use
this constant only through upper bounds that are uniform over nets at the normalized
scale. In particular, when h > n® and n—s < 0.2/(n%log h), Theorem [5.9)shows that
holds independently of the particular normalized net A. Thus, under these assumptions,
applies to O(n, s; A) under any normalization. In Lemma below, the data h,
Zo, and r are supplied by the hypotheses.
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5.3. Bourgain’s estimate, again. The bounds on O(n,s;A) in Theorem yield an
improved effective version of Bourgain’s estimate for harmonic measure; compare to
[Bou87, Lemma 1] and [BG24, Lemma 3.1]. Here and below, if V' C R" is a bounded open
set and = € V, then wy, denotes the exit distribution of Brownian motion started at  and
run until it first leaves V'; equivalently, w{, = wi,., where V* is the connected component
of V' containing x. Note that V7 is open and 0V* C dV. For nonempty sets A, B C R",
we write gap(A, B) := inf ., inf, 5 |a — b for the gap between A and B (often referred
to as the distance between A and B, despite failing the triangle inequality).

Lemma 5.11 (Bourgain’s estimate for a round snapshot with a nearly sharp constant).
Let n > 3 and h > n? be integers and let U C R"™ be a bounded domain. Suppose that
the open ball B(xzo,r) C U satisfies gap(B(xo,r),0U) = gr for some g > 1. Let A be any
dyadic net with initial scale 2r-h™' such that Site(A) N B(xg, 1) is compact. For all closed
E C R™ with o € E and for all s < n satisfying s > n — 0.2/(n®logh),

2 1-g° (n=2) ./\/lfovs(EﬂB(xo,r))
n 14+n" Wy TS '

(5.13) W H(ENU) >

Proof. Let E C R"™ be closed. We may assume that M%*(E N B(xzg,r)) > 0, since
otherwise the right hand side of (| - is zero and the estimate is trivial. Then, under
the assumption that Site(A) N B(xo,r) is compact, the set K := E N B(x,r) N Site(A)
is compact and K C Site(A). Let s satisfy the bounds in the hypothesis and note
that s € (n — 1,n|, since 0.2/(n%logh) < 1 for all n > 3 and h > n3. Note that
OB(xo,7) has M%* measure zero, since B (z¢,7) has Hausdorff dimension n — 1 and
s >n — 1. Hence M2*(K) = M%*(E N B(xg,r)). By Lemmal5.4] there exists a finite
Borel measure p on R with support in K such that u(Q) < (side Q)® for all @ € A and
w(R?) = u(K) > M%4(K). The measure p does not charge dB(zg,7). Indeed, given
e > 0, pick cubes Q1,Q2,--- € A that cover 9B (xzo,7) N Site(A) with ) (side @;)® < €
since p is carried by K C Site(A),

w(0B(xg, r Zu Qi) < Z side Q;)°

Thus, u(R™\ B2(zg,7)) = 0, so that ,u is admissible in Lemma [5.10}
Consider the harmonic function u(z) = [, |z — z|~("2 dpu(z) deﬁned on R"\ K. By
Lemma “ the inequality 22-("=) < 4 and elementary estimates, we have

(5.14) u(z) < (2r)2""90(n, 5;A) < 4-r290(n,s;A) VzeR"\ K,
(5.15) u(xo) > r~ "I u(K),
(5.16) u(x) < (gap(B(xo, ), 0U))" " 2 u(K) = (gr) " P u(K) Ve dl.

The estimates (5.15) and (5.16]) are straightforward. Since u(K) > M%5(K) > 0, we
have u > 0 on R™ \ K in particular, ||ul|ze@m\ k) € (0,00) by (5.14]). Following [Bou87],
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define an auxiliary harmonic function w on R" \ K by setting

_ulx) — Jullz=@v)
() =
[l 220 )

for all z € R" \ K,

where the norms denote the supremum of the continuous function u on the specified sets.
By design, w < 0 on U, w is continuous on oU, and w < 1 on all of R™\ K. Hence

limsupw(y) < xg(z) forallz € (U \ K).

Yy—x

Thus, w(z) < wi (K) for allz € U\K by the maximum principle for harmonic functions.

We next compare this harmonic measure with the one in the statement of the lemma.
Since U\ E C U\ K and K C E, any Brownian path that reaches K before exiting U
must first leave U \ E through £ N U. Therefore,

wing (K) <wpp(ENU) forallz e U\ E.
Using (5.14)) to estimate the denominator in the definition of w and (5.15)), (5.16) to
estimate the numerator, we obtain
r (1 — gm ML (E N B(xo, 1))
4-r2=(=9)0(n, s; A) '
Applying Theorem to bound O(n, s; A) and rearranging yields ((5.13]). OJ

winp(UNE) =

Example 5.12. The phrase “nearly sharp constant” in the title of Lemma refers
to a constant obtained by following the skeleton of Bourgain’s original proof rather than
to an assertion that the constant in (5.13]) is optimal among all possible proofs. For
example, take g = 0, r = 1/2, and s = n, and suppose that A has initial scale 1 with

Site(A) D B(0,1/2). For 0 < n < 1/2, let
C,={(x1,...,7,) ER" 12y > —nand 25 + - - - + 22 < n*}, K =B(0,1/2)\ C,,

and let u be Lebesgue measure restricted to K. Then p is an n-dimensional Frostman
measure for K relative to A, with u(K) = M%"(K). Thus, we can use u in Bourgain’s
argument. If u(z) = [, |z — z|7" 2 du(x), then

= ey 2 w(0) = [

BO1/20\G, T2 8

dx nwy,

as n 0.

On the other hand, Theorem gives [[ul|pe@mi) < O(n,n; A) < (14 n %nw,/8.
Hence the estimate for the Frostman potential used in the proof is nearly attained in this
example. A different proof of Lemma [5.11] might conceivably yield a better constant.

6. ONE-RING ALTERNATIVE

Recall from the introduction that d,, is the supremum of the upper Hausdorff dimensions
of harmonic measure over bounded domains in R™. We follow Bourgain’s original strategy
for bounding d,, [Bou87|, as updated in [BG24], but introduce two new estimates that
substantially strengthen the barrier argument. Lemma exploits repeated returns of
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Brownian motion to a separating surface, raising the lower bound on the probability of
hitting the boundary inside an annular ring. Lemma then allows us to use just one
“thin ring without holes” in place of Bourgain’s original multi-ring barrier. We also use
the covers by cubes in general position and the Bourgain estimate for round snapshots
with a nearly sharp constant developed above.

6.1. Overview. Fix n > 3. The model depends on the following parameters:
e integers M > 3, L > 2, with 2L > 3M, and h > n?, which control the geometry
and scales of the cube partitions described in §6.2}
e 0<p<poand 0 < a <1 that determine the size of an (n — p)-dimensional hole,
where the upper bound on p is

(6.1) po =

see (6-7):

e a lower bound 7 for harmonic measure in the absence of a hole, given by
2a

(62 h= )

02
nblogh’

see Lemma [6.3]

The following theorem is the main result of this section. It converts any admissible set
of parameters into an explicit upper bound for d,.

Theorem 6.1. Let n >3 and let 0 < a < 1. Let M >3, L > 2, and h > n? be integers
with 2L > 3M such that

nw, (4L -1 2\"
eI (o)) 2

and let p € (0, po] satisfy

(1 - %)"‘P (L= (L2t (%)n_p Loni(gn ) (i)”_p

n—1lin Wn n 1 " 1 e
Y _— —) <1
+ (2 o (h—2v7) ) (2Lh) + aw, (4L) <
Then d,, <mn — Ap/(1+ X), where A > 0 is given by

(6.4)

W 1-W
. Ai=Wlog, — + (1 —W)log, ———
(6.5) Wlog, v + (1 - W)log, -—,

(6.6) T = (1 — %)H + (M" = (M —2)") (%)n_p (r>1).

After describing the one-ring alternative in §6.2, we establish lemmata in and
record the proof of Theorem [6.1] in §6.4] Suitable choices of parameters are then used to
prove Theorem [I.1]in §7
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I'p

Py

|
Py
|
P+~ P+

—
1 .
7 side P

FIGURE 6.1. Illustrated with n = 2, M = 8, and L = 12: the partition
used in Alternative II. The outer children form the ring Rp around the
inner child Fy, and the separating surface I'p lies inside the ring; for the
parameters shown, it lies midway across Rp.

6.2. One-ring alternative. Let 2 C R" be a bounded domain and set F := 0f). Thus,
FE is closed and harmonic measure on €2 is supported on E. Fix a cube P in R"™ of any
type. We examine the geometry of F inside P in order to show that P satisfies condition
(I) or (II) of Theorem .1 The model uses two related partitions of P, one for each
alternative. In Alternative I, the partition is adapted to the presence of a hole in F. In
Alternative II, the partition is used when no such hole is present.

6.2.1. First partition: the annular ring. Fix integers M > 3 and L > 2 with 2L > 3M
(independent of P). Partition P into subcubes (see Figure [6.1): an inner child Py of
side length (1 — 2/M)side P and N = M™ — (M — 2)" outer children Py, ..., Py of side
length (1/M)side P, arranged so that F, contains the center of P and is surrounded
by Pi,..., Py. As usual, the children may have different types; see the paragraph above
Definition . The outer children form a ring Rp = |J~, P; of width (1/M)side P around
the inner child.

Define the separating surface I'p to be the boundary of any concentric subcube of P
of side length (1 — 3/2L)side P. Thus, I'p lies at distance (3/4L)side P from 0P and at
distance (1/M — 3/4L)side P from 0F,. Because 2L > 3M, the first distance is at most
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. r:ﬁsidep I'p =" Apa

S
| s
)
\ /

——
1 .
T side P

FI1GURE 6.2. Illustrated with n =2, M =8, L = 12, and h = 10: the z-
dependent partition used in Alternative I. The ‘L’-shaped collar is divided
into medium cubes; only those near Bp, are subdivided into little cubes,
and only the little cubes covering Bp, are refined into tiny cubes. The tiny
cubes contained in Bp, are the top cubes of Ap,.

the second. Hence I'p lies inside Rp, at least as close to OP as to 0F,. For x € I'p, set
Bpg := B(z, (1/4L)side P),  Bp, := B(x, (3/4L)side P).
The two balls are concentric and Bp, C B rz C Rp.

6.2.2. Second partition: the L-shaped collar. Fix x € I'p. To define a hole at x, we form
a second partition of P that depends on z. See Figure [6.2] It is not too important to
remember the names of the various classes of cubes below; the essential information is the
size and number of each type, which can be looked up as needed.

Choose a face F' of P at distance (3/4L)side P from = and choose any big cube P, , C P
of side length (1 —1/L)side P so that half of the faces of P, , are contained in the faces of
P (i.e. P, , and P share a corner) and so that the face of P, , parallel to F lies at distance
(1/L)side P from F'. In particular, x ¢ P, ,.

Next, partition the ‘L’-shaped collar P\ P, , into L™ — (L — 1)" medium cubes of side
length (1/L)side P. Since z lies at distance (3/4L)side P from F', the points of Bp, lie
at distances between (1/2L)side P and (1/L)side P from F. Thus, Bp, is contained in



30 MICHAEL ALBERT, MATTHEW BADGER, AND ALYSSA GENSCHAW

the union of the medium cubes whose closures meet F. These cubes vary only in the
n—1 coordinate directions parallel to F'. Since the diameter of Bp, is half the side length
of a medium cube, it can meet at most two such cubes in each of these directions, and
hence at most 2"~ medium cubes in total. Consequently, we may choose a family Mp,
of exactly 277! medium cubes whose union contains B Pa-

Partition each cube in Mp, into 2" little cubes of side length (1/2L)side P. Since the
points of Bp, lie at distances between (1/2L)side P and (1/L)side P from F, the ball is
contained in the union of the little cubes farthest from F’ within the cubes of Mp,. These
little cubes vary only in the n — 1 coordinate directions parallel to F'. Since the diameter
of Bp, equals the side length of a little cube, it can meet at most two such cubes in each
of these directions, and hence at most 2" ! little cubes in total. Choose a family Lp, of
exactly 2" ! little cubes whose union contains Bp,. The cubes in Lp, need not belong
to the same medium cube.

We now refine the little cubes in Lp,. Let h > n® be an integer independent of P
and z, and partition each cube in Lp, into tiny cubes of side length h~! diam Bp, =
(1/2Lh)side P. Let Tp, denote the family of tiny cubes contained in Bp,. Because
Bp, C int P, we may reassign boundaries of the big, medium, little, and tiny cubes
without altering the boundary of P so that |J7p, is compact. Choose any dyadic net
Ap, with initial scale (1/2Lh)side P whose top cubes are Tp,; see Definition [p.1] For
emphasis, we note that Site(Ap,) = |J Tp, is compact.

6.2.3. Holes. Let 0 < a < 1 be a model parameter independent of P and x. We say that
there is a hole in P at x € I'p if

(6.7) MEP(E) = M (092N U Tpe) < a-w,((1/4L) side P)" ™",

where A = Ap,.

We say that P satisfies Alternative I if there is a hole in P at some x € I'p. The
existence of such a hole will allow us to construct an efficient (n — p)-dimensional cover
of EN P. Otherwise, P satisfies Alternative II: there is no hole in P at any z € I'p.
The absence of holes gives a uniformly positive probability of hitting F locally along the
separating surface and ultimately limits how much harmonic measure can reach the inner
child F,. Every cube P satisfies exactly one of the two alternatives.

6.3. Lemmata.

Lemma 6.2. Suppose that P satisfies Alternative I. There is a covering of ENP by a
set Qp of pairwise disjoint cubes with side@ < (1 —1/L)side P for all Q € Qp and

Z (side @)" " < (left hand side of (6.4)) - (side P)"*.
QcQp

Proof. Without loss of generality, we may assume that side P = 1. Because P satisfies
Alternative I, there exists a hole in P at some x € I'p. Consider the associated partition
of P described in Figure [6.2] In the collection Qp, we include the big cube P, ., the
medium cubes in P\ P,, that do not belong to Mp,, the little cubes contained in
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UMp. \ UZLps, and the tiny cubes in L£p, that are not contained in Bp,. There are
L™ — (L — 1)® — 27! such medium cubes and 2"~!(2" — 1) such little cubes. Thus, the
big cube, the medium cubes, and the little cubes in Qp contribute the first three terms
in to its (n — p)-dimensional cubical content. Now, if a tiny cube 7" is not contained
in Bp,, then T is contained in |JLp, \ B(x,1/(4L) —+/n/(2Lh)). Dividing the volume
of this set by the volume of a tiny cube shows that the number of such tiny cubes is at
most 2" A" — (w,,/2")(h — 24/n)"™. Hence these tiny cubes contribute at most the fourth
term in to the (n — p)-dimensional cubical content of Qp. Finally, since M%"P(E)
is strictly less than the fifth term in by the definition of a hole , Lemma
applied with s = n — p furnishes countably many pairwise disjoint cubes contained in
Site(Ap,) = Tp, that cover ENSite(Ap,) and whose total (n — p)-dimensional cubical
content is at most the fifth term; these are the final cubes that we include in Qp. The
collection Qp has the desired properties: its cubes are pairwise disjoint, have side length
no greater than that of the big cube, cover E N P, and satisfy the asserted estimate. [J

Lemma 6.3 (locally large harmonic measure). Suppose that P satisfies Alternative II.
For allz € I'p N, we have Bp, C Rp and

(6.8) EN Bpy) > 1.

w%pw\E(

Proof. Let x € I'p N €). The inclusion ép@ C Rp was noted in . Assign s = n — p,
U = Bp,x, r = (1/4L)side P, g = 2, and A = Ap,. Then B(z,r) = Bp, and the
hypothesis of Lemma [5.11] is satisfied. Indeed, s is in the valid range of exponents,
because p < py. We also have gap(Bp,,0U) = (3/4L)side P — (1/4L)side P = 2r = gr.
Finally, the cubes in A have initial scale 2r/h, and Site(Ap,) N Bp,, is compact, because
Site(Ap,) is compact. Now, the opposite inequality to holds, because P satisfies
Alternative II. Inserting it into (5.13)), we obtain

2 1-270"2 M&" P (ENB(x,r)) _ 2 1-2"0m"2 gy e
r (ENU)> = . LI ! > 2. L =
“ine( )2 n 1+n6 WP ~n 14n WP 77’
with 7 defined as in (6.2]). O

Lemma 6.4 (strong Markov property for harmonic measure). Let Q3 C Qy C R™ be
bounded domains. Then for every x € 0y and every Borel set A C 0€)s,

(6.9) Wi (A) = Wi (Ao + / iy, (A) du (2).

001NN
We will use the following immediate consequences. If A, B C 0$y are Borel sets and
c e R, write p(y) := wy, (A) — cwy, (B) fory € Qy. Then, for every x € €y,

(6.9a) wo, (AN 0Y) <wg,(A)  and / wa, (A) dwg, (2) < wg, (A),
001N

(6.9b) Wy, (A) = / wh, (A) dwg, (2)  if wg (AN OQ) =0,
001N
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gap(K,0J)

(a)

FIGURE 6.3. (a) Lemma : a supporting hyperplane H for J at a point
¢ € 0J nearest to z € J\ K. (b) Lemma 6.6} a Brownian path departing
the separating surface from z; € I'p may return to I'p at 29, 23, ... without
leaving the ring Rp, where z;,; is the first point of I'p met after the path
leaves Ep’zi. Under Alternative II, at each z; there is uniformly large
probability that the path meets 0) inside B P

(6.9¢) o(z) = wg, (AN OY) — cwy, (BN oY) + / @ duwg,,
001N
(6.9d) o(z) < wg, (ANOK) + / pdwg, ifc>0.
aﬂlﬂﬂg

Proof. For (6.9), see e.g. [AAMI9, Lemma B.1] or [BG25, Theorem 3.8]. Since the two
terms on the right hand side are nonnegative, follows, and is the case in which
the first term vanishes. Applying separately to A and B and subtracting ¢ times
the second identity gives (6.9d). If ¢ > 0, omitting the nonpositive term —cwg (BN )

gives . ]

Lemma 6.5. Let J C R"™ be a bounded open conver set and let K C J be compact. If U
is a domain contained in J \ K, then

(6.10) Wi (0K) < S84, 0))

—_— I U.
= Gap(K,07) for all x €

Proof. Let S be the connected component of J \ K containing U. Fix 2 € U and choose
¢ € 0J with |z — ¢&| = dist(z,0J). If H is a hyperplane supporting J at &, let ¢ be the
affine function with ¢(y) = dist(y, H) for y € J. Then ¢(z) < dist(z,0J). For y € K,
the segment from y to the nearest point of H ends outside J and therefore meets 0.J, so
{(y) > gap(K,dJ). Since £ > 0 on J and ¢ is harmonic,

dist(z,0J) > {(z) = / Cdw$ > gap(K,0J)w§(0K).
a3

Moreover, 0K NoU C 0K N 0S. The first inequality in (6.9al), applied to U C S with
A=0KnNas, gives wi(0K) < wi(0K). O
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Figure (b) suggests the probabilistic idea behind the next lemma. Under Alterna-
tive II, at each return to I'p at z, the path has probability at least n of hitting E inside
B p. C Rp. Carrying out this idea gives the constant 6 below. The proof is self-contained,
uses only harmonic measure, and encodes all returns in one supremum.

Lemma 6.6. Suppose that P satisfies Alternative II. If vo € Q\ P and w = w’, then

nw, [ 4L !
Proof. Let S be the closed cube with 05 =T'p. Set
3 . 1 3\ . = -
ri= o7 side P, d:= (M — E) side P, Bp. = B(z,1), gap(FPo,T'p) = d.

Then r < d by 2L > 3M, and 0n = (r/d)w,—1/(nw,). For y € Q, set

o(y) == wd(Py) — 0w (Rp).
Since harmonic measure is supported on E, ¢ is the function in (6.9¢) and (6.9d]) with
A=FENPF, B=FENRp,and ¢c=0. In particular, o < 1. If T'p N Q = (), connectedness
and zg ¢ S force QNS = (), so w(FPy) = 0. Thus, assume that I'p N Q # 0 and write
[':=TpnQ. It suffices to prove supr ¢ < 0. Indeed, let ' be the component of Q \ S
containing xg. Then 9 NQ C ' and (E N Py) N9 = 0. If supp ¢ < 0, then

wo (Po) < 0wd(Rp) for all y € 9 N Q.
Hence and give

w(Py) = /awrm we (Fo) dwiy (y) < 9/3 wo(Rp) dwiy (y) < 0w(Rp).

Q'NQ

Set C' = max{0, suprp ¢}. Since ¢ < 1, we have 0 < C' < 1. To complete the proof, it
remains to show that C' = 0.
First let y € 2\ S, and let U be the component of 2\ S containing y. Then 0UNQ C T

and OU N Py = . By (6.97),

o(y) = —0w,(ENRp)NIU) —I—/ pdw, < C.
oUNQ

Next let y € QNint.S\ Py, and let V be the component of Q Nint S\ P, containing .
Here 0OV NQ C T'U (0P, N Q). The two contributions on dFPy,—the first term in
and the part of the integral over 0V N {)—are supported on disjoint subsets of 9F,. Since
o <ConT and ¢ <1onQ, (6.9d) gives p(y) < C+w},(0P) < C+dist(y,'p)/d, where
the last inequality is Lemma ith J=imtS and K = R,

Fix z € I'. Let D be the component of B p.N$) containing 2, equivalently, the component
of B p. \ E containing z, and let e be an inward unit normal to a face of S containing z.
The supporting hyperplane of that face gives dist(y,['p) < (y — z,e) for y € int S. The
preceding estimates therefore give p(y) < C' + (y — z,e);/d on 0D N Q, except possibly
at the point of tangency with Py, which has w%-measure zero.
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Let v = w}|opna and let o, = w% , the normalized surface measure on dBp,. Since

P,z

oDNQ C (%A?p,z, the first inequality in (/6.9al), applied to D C ép,z, gives v < o0,. By
(6.8), wH(ENBp.) > n, and therefore v(0DNN) < 1—1n. Since Bp, C Rp, we also have
whH((ENRp)NID) > n, while w} ((EN FPy) NoD) = 0. Applying (6.9¢) to D C Q now

gives

p(2) < —9n+/sodv < —On+C(1—n) +$/(y—z,e>+daz(y)

_ . Cwn—lz o
=—0n+C(1 n)+dnw (1—n)C.

n

Here [(y — z,e)4do.(y) = rw,—1/(nw,), and the last equality uses the identity for 6n
above. Taking the supremum over z € I" and then the maximum with 0 gives C' < (1—n)C.

Since > 0, we have C' = 0, as required. 0

Lemma 6.7. Suppose that P satisfies Alternative II. If zo € Q\ P and w = wy’, then
nw, [ 4L -1

6.12 Py) <Ww(P W={(1 — —1 .

612 w(R) < Wu(P), (1422 (557 -1) )

Remark. In [Bou87] and [BG24|, this estimate appeared as w(FPy) < n~ (1 — n)*w(P),
where k is the number of outer rings. Here the large factor ! is eliminated, and
W < 1 decreases as 7 increases and as I'p moves toward dP. This allows us to prove
sup{w(Fy)/w(P) : P satisfies Alternative IT} < 1 with £ = 1. Using one ring instead of
several also allows a larger choice of p in .

Proof. By Lemma [6.6] w(P) = w(Rp) + w(Py) > (1 + 0 Hw(Py). Therefore, w(Fy) <
(146071 'w(P) = Ww(P). O
Lemma 6.8. Suppose P satisfies Alternative II. Let V and W be defined as in ,
so that V' = (vol Fy)/(vol P). If W <V, then for every exponent o € (0,1), the quantity
Vo i= WOVIT 4 (1 = W)2(1 — V)72 satisfies v, < 1 and

M7 —(M—2)"
(6.13) > w(P)*(vol P)' ™ < 7 w(P)*(vol P)' .

i=0

Proof. We may assume that w(P) > 0, since is trivial otherwise. Fix o € (0,1)
and set H(z) = 2V + (1 —2)*(1 = V) for 0 < 2z < 1. We have H(V) = 1 and
H'(xz) >0 for 0 <z <V, so H is strictly increasing on [0, V]. Put N = M™ — (M — 2)".
By Holder’s inequality,

w(P;)*(vol P < w(Py)*(vol Py) ™ + (Z w(H)) (Z VOlR-)

=1

_ i (CU0) L pyevol Py
(W(P)

By Lemma [6.7, w(P)/w(P) < W < V. Therefore, H(w(Py)/w(P)) < HW) = 7, <
H (V) =1, which proves (6.13]). O

N

1=0




DIMENSION OF HARMONIC MEASURE 35

6.4. Proof of Theorem . Let n > 3 and 0 < a < 1. Define n by . Fix integers
M >3, L>2 and h > n® with 2L > 3M and W < V, where W and V are defined in
(6.3). Define py by (6.1)), and fix p € (0, po] satistying (6.4). For a € (0,1), define 7, as
in Lemma , and let A and 7 be given as in and .

Let 2 € R™ be a bounded domain. By translation and dilation, we may assume that
0 € Q and dist(0,0Q) > y/n. Thus, every cube of side length at most 1 that meets 0
lies away from the pole 0. Set w = w), F = 09, and 8 =1 — 1/L. Then E is closed,
w(R™\ E) =0, and g < 1. Fix a cube P of side length at most 1.

Suppose first that P satisfies Alternative I. By Lemmaand , there is a pairwise
disjoint cover Q@ of E'N P by cubes @ with side@ < [side P and ZQEQ(Side Q)" r <
(side P)"~*. Therefore, P satisfies condition (I) of Theorem [4.1]

Suppose instead that P satisfies Alternative II. If w(P) = 0, then condition (II)
of Theorem holds trivially. Assume that w(P) > 0. Since w is supported on E,
the cube P meets 0€), so the pole 0 lies outside P by our normalization. Let Py be
the inner child and Pj,...,Py, N = M"™ — (M — 2)", be the outer children. Then
R = {P,,...,Px} is a pairwise disjoint cover of £ N P. Every cube in R has side
length at most side Py = (1 — 2/M)side P < f[side P, while its (n — p)-dimensional
cubical content is 7(side P)"~*. Thus, 7 > 1 by Principle . Finally, Lemma gives
> rer W(R)*(vol R)1™* < ~w(P)*(vol P)'~. Therefore, P satisfies condition (II) of
Theorem [4.1] with exponent «.

Fix o € (0,1). We have shown that every cube of side length at most 1 satisfies
condition (I) or (II) of Theorem . Hence dimpyw < n — Aop/(1 + Ay), where \, =
—log. (74)/(1 — ). It remains to let « — 1. Put f(a) = logv,. The function f is
convex on [0, 1], since it is the logarithm of a sum of exponentials of affine functions of
a, and f(1) = 0. Therefore, the slope of the secant line joining («, f(«)) to (1, f(1)),
namely [f(1) — f(«)]/(1 — «), is nondecreasing as « — 1 and converges to f’(1). Direct
differentiation gives f'(1) = Wlog(W/V) + (1 — W)log((1 — W)/(1 — V)). Thus, A,
increases to A defined in (6.5)). Since z — /(1 + ) is continuous and increasing, letting
a — 1 yields dimyw < n — Ap/(1 + \). Taking the supremum over bounded domains
gives d, <mn — Ap/(1+ A). This concludes the proof of Theorem

7. LOWER BOUNDS ON BOURGAIN’S CONSTANT b,

We now derive explicit lower bounds for Bourgain’s constant b, = n—d,, from Theorem
[6.1] We first treat n > 6 uniformly and then bound bs, by, and b5 directly.

Theorem 7.1. For alln > 6,

- e (L)

n—1

Proof. Fix n > 6. Set a = n/(n + 1) and h = nS, define by (6.2), and put ¢q :=
Wn-1/(wnn), m :=n+[q|+1, M :=2m, and L := 3m. Then 2L = 3M, W =1—n/(n+q),
and V = (1 —1/m)".
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Step 1: W < V. Lemma [3.7] gives

nd? 2\ /2 1\ 1+n°
0 L l/(6n+12) z o L 3/2
qSQme (1+n) (1+n)1_22_n<0.3n ,

where the last inequality follows by bounding the n-dependent factors by their values at
n = 6. Hence m < n+ 0.3n%2 + 2 < n%?2. Since m > n + ¢, Bernoulli’s inequality gives

V >1—mn/m >W. Moreover, since m —n —¢q > 1 and n+q < m < n®?,

yowytmonzg n 1
m(n + q) m2 = n?

Step 2: an admissible p. Let ¥(p) denote the left hand side of (6.4]). We estimate X (p)
by linearizing at p = 0. Direct substitution and Bernoulli’s inequality give

Wy, 2¢/n\" W,
1-%(0) = QA AR I I TS
0=tz (- 5) o) s v
Indeed, the expression in brackets is at least 1/(n + 1) — 2n=%2 > 1/[2(n + 1)].

At p = 0, the first two terms of ¥ sum to 1 —2"~!/L". Since %(0) < 1, the last three
terms sum to less than 2"~ /L™, Differentiating (6.4]) termwise gives

L ]' et n n n— —n
E/(t):logL_l (1—5) +log L (L —(L—Vl) — o[
N ~~ d II

log(2L) 2" 1 (2" — 1)(2L)"™

+log(2Lh) (znflh" - ‘;’—:(h - 2\/5)") (2LR)"" + aw, log(4L)(4L)t™"

+

T
For 0 <t < pg, we have I < 2/L, while Bernoulli’s inequality gives II < (2Lh)*(n/L)log L.
At t = 0, the three terms comprising IIT have total coefficient less than 2"~!/L"; since
their bases are at most 2Lh, it follows that

2n71
I < (2Lh)" n log(2Lh).
Therefore,
Y (t) < (2Lh)* g+ﬁlo L+ i log(2Lh) L
= LT %" e 8 2
Set
Wy,
2 =
(7.2) P on2(aL)m

Since w,, < 2" and L > 3n, we have p < 1/[2n?(6n)"] < 1/(30n®logn) = py. By the mean
value theorem,

S(p) — £(0) < =p = —on n <1-30).

<
2 T An(4L)" = 2(n+ 1)(AL)"
Thus, (6.4) holds.
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Step 3: a lower bound for \. Put ®(z) := zlog(z/V) + (1 — z)log((1 — x)/(1 — V).
Then &(V) = &'(V) = 0 and ®"(z) = 1/[z(1 — z)] > 4, so Taylor’s theorem and Step 1
give ®(W) > 2(W — V)2 > 1/nt. Also, 7 < (2m)”, and since 2m < n? and p < po, we
have log 7 < polog(n?) = 1/(15n5) < 1/n*. By (6.5), A > 1, and hence A/(1+ ) > 1/2.

Step 4: comparison with ((7.1). By Theorem and (7.2)), b, > p/2 = w,/[4n*(4L)"].
Lemma [3.7] gives

61—1/(671—&—12) 2e 1 4 n
. LAY
Vr(n+2) \vVn+2 n? \vn+2
Here we used v/2me > 4 and n? > \/7(n + 2). Consequently,

1 1 "
by > — | — ] .
4nt (L\/n—+2)
Since L = 3m < n®?+3n+6, put A := /1 +2/n(1+3/y/n+6n"2). Then Lv/n + 2 <
n?A, while /nlog A < 1/y/n + 3+ 6/n. It therefore suffices to show

2 1 6 41 log 4
612l0g(n — 1) > V% ¢ L 5, 0 dlogn+logd
n

n—1 \/_ n \/ﬁ

For n > 6, the left hand side is greater than 6.121og5 > 9.8. Using logn/y/n < 2/e, the
right hand side is at most 2¢/6/541/v/6 44 +8/e+log4/v/6 < 9. This proves (7.1). O

Theorem 7.2. We have
by > 1.0118 x 1077, by > 1.206 x 1077, bs > 8.006 x 10717,

In particular, the upper Hausdorff dimension of harmonic measure on any domain in R3

15 less than 2.99999.

Proof. Find a calculator and apply Theorem [6.1] with

n|M L a h p

319 17 117/200 10° 1.05628 x 107°
4110 17 13/20 10° 1.22747 x 1077
5011 19 143/200 10° 8.0084 x 10710

In each row 2L > 3M. Let ¥(p) denote the left hand side of (6.4). By direct evaluation,

n| W 4 Po 1 —3(p) Ap/(1+A)
3104581... 0.4705... 2.3829...x 1075 1.7678...x 107 1.01183... x 1077
4104073... 04096 4.2411...x107% 6.6680...x 1073  1.206... x 1077

510.3650... 0.3666... 9.2649...x 1077 7.6165... x 1071% 8.006... x 10719,

Thus, W <V, p < po, and (6.4) holds in each case. The conclusion follows. O
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Proof of Theorem[1.1. When n = 2, both sides of (1.5 equal 1 by the Jones—Wolff theo-
rem. For n = 3,4,5, Theorem [7.2] gives, respectively,

by > 1.0118 x 107° > 1.006 ... x 107% = 2~ (6+612V3)
by > 1.206 x 1077 > 2.203. .. x 10710 = 3~ (8+6:12VD)
bs > 8.006 x 10710 > 5.500... x 10717 = 4~ (10+6.12V5)

For n > 6, ([L.5)) is Theorem [7.1] O

Proposition 7.3 (optimality of the leading exponent). Let B, denote the supremum
of the lower bounds on b, furnished by Theorem over all admissible choices of its

parameters. Then
1 2n—o(n)
B, < ( 1) as n — oo.
n —

Thus, the coefficient 2 in the leading term of the exponent in Theorem cannot be
improved by a different choice of parameters in Theorem[0.1].

Proof. Since A\p/(1+4 ) < p, it suffices to bound every admissible p from above. We first
show that W < V forces L > n*2. Put x = 4L/(3M) — 1 > 1. Since n < 2/n, the
inequality W < V and Bernoulli’s inequality give

W, W, 2\ " 2n
142 > 1 > (11— — >14+—.
+ Wn_lx + wﬂ_lxn ( M) > 1+ i

Thus, Mz > nw,_1/w,, and hence L = 2M (1 + z) > 3nw, 1 /w, 2 n®?, where the last
estimate follows from Lemma
Let ¥(p) denote the left hand side of (6.4]). At p =0,

150 = g (1 57) o] <

The second term of X(p) is coL”, where

1\" 2! p
—1-(1-=) - = —(1+4o0(1
e ( L) 7 = p(LFo(1),

uniformly over admissible parameters, since L > n3/2. All five terms of ¥ are nondecreas-
ing in p, and L? — 1 > plog L. Therefore, (6.4]) implies
n

L

(14 0(1)log L < %(p) —2(0) < 1 —(0) <

P 4Ly

Consequently,
Wn
< 1 1 .
p= nlogL( +ol ))(4L)"

Taking nth roots and using wi/™ = p1/2+e() and [ > n3/? gives
1/n

pl/n < WZ LiHl/”(nlogL)*l/"(l +0(1)) < n72+o(1).
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Thus, every lower bound furnished by Theorem [6.1|is at most n =270 = (n —1)~2n+e(n)
which proves the proposition. 0
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