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ABSTRACT. A theorem of Balka and Keleti implies that on any complete separable
metric space X, every locally finite Borel measure p of packing dimension strictly less
than m is “FEuclidean-like” insofar as there exist Lipschitz maps f; : E; C R™ — X
such that p(X\ U;" fi(E:)) = 0. An ongoing challenge in geometric measure theory is
to understand when this property, called m-rectifiability, holds for measures of packing
dimension m. Towards this goal, we prove that every complete Ahlfors ¢g-regular metric
space with ¢ > m supports m-rectifiable doubling measures of packing dimension m.
The proof of existence of such measures is new even when X = R™ and n > m. More
generally, on every complete Ahlfors ¢-regular metric space with ¢ > m —1, we construct
m-rectifiable, purely (m — 1)-unrectifiable measures with any prescribed exact Hausdorff
and packing dimensions 0 < sy < sp < ¢ with m — 1 < sp < m, which are doubling
when sy > 0. This verifies a conjecture of Badger and Schul. The design of the measures
relies on metric cubes with variable scaling, in which the ratio of consecutive side lengths
tends to infinity but jumps only on a sparse set of generations, together with Badger and
Schul’s square packing construction of Lipschitz maps.
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1. INTRODUCTION

A recent advance in metric geometry is the following theorem of Balka and Keleti,
which we might think of as a “universal” Lipschitz parameterization theorem insofar as
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2 MATTHEW BADGER

any compact metric space X can be modeled by sets in any compact metric space M of
strictly “larger” dimension.

Theorem 1.1 ([BK24, Theorem 1.5]). Suppose that X (“the target”) and M (“the model”)
are compact metric spaces. If dimg M > dim,; X, then there exists a compact set E C M
and a Lipschitz map f: E — X with f(F) = X.

In the statement above, dimy denotes Hausdorff dimension and dim,; denotes upper
Minkowski dimension; we briefly review these and related notions of dimension in §2.1]
By invoking the theorem with M = [0, 1]™ countably many times, one easily obtains the

following application in geometric measure theory, which has not previously appeared in
the literature. See §2.2] for a detailed derivation.

Corollary 1.2. Let X be a complete, separable metric space and let 1 be a Borel measure
on X that is locally finite in the sense that for every x € X, there exists r > 0 such that
w(B(x,r)) < oo. For every integer m > 1, the measure p L A,

1 B
(1.1) A= {xEX:limsupM<m},
10 logr

is m-rectifiable in the sense of Federer, i.e. there exist countably many Lipschitz maps

fit B C [0,1]"™ — X with p(A\ |, fi(E;)) = 0. In fact, A is o-compact.

The notion of rectifiability of measures appeared early in the development of geometric
measure theory [MR44. [Fed47], but was primarily studied (see [Mat23] for a comprehensive
survey) within the class of locally finite measures 1 on X = R” such that

B
(1.2) lim supM < oo atpae xeX,

rl0 rm
i.e. measures that vanish on sets of zero m-dimensional Hausdorff measure: u < H™.
For details on the equivalence between and the absolute continuity property, see
e.g. [BLZ23, §2.2]. In particular, classical theorems about rectifiable measures, including
those in Federer’s monograph [Fed69] and in Preiss [Pre87], assume in addition to
rectifiability. The first positive results on rectifiability in a class of measures with

(1.3) lim sup wB,r))

— =00 at pae xeX|
rl0 r

i.e. measures that are carried by H™ null sets (equivalently: p L H™), were obtained by
Martin and Mattila [MMS8]. Corollary [1.2]to Balka and Keleti’s theorem is a substantial
extension of [MMS88, Theorem 4.1(1)] as well as [BV19, Theorem C]. For further results
on rectifiability of general measures, see [Bad19, BN21].

It is an open problem to give a pointwise characterization of the m-rectifiable Radon
measures on R” when 2 < m < n — 1. The case m = 1 was solved in [BS17] in terms of
anisotropic L? Jones 8 numbers (also see [AMI6]). Corollary shows that the search
for such a characterization may focus on the part of the measure where the upper local
dimension is equal to m. In other words, a characterization will not depend on any exotic
geometry of sets of packing dimension less than m.
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In this paper, we continue a study begun in [BS25] and complete the proof of the
following theorem, which asserts the existence of rectifiable measures with prescribed lower
and upper local dimensions. We are particularly interested in constructions of measures
whose rectifiability cannot be verified using Corollary [1.2] Instead, we will demonstrate
rectifiability using Badger and Schul’s “square packing construction” of Lipschitz maps
with Euclidean domains and metric targets, which we recall in §2.3] A metric space X is
Ahlfors q-regular with distortion D, > 1 if diam X > 0 and there exist a Borel measure
v on X and a constant C, > 0 such that C,r? < v(B(x,r)) < C,D,r? for all x € X and
0 < r < diam X. In particular, v is finite on bounded sets.

Theorem 1.3. Let X be a complete Ahlfors q-reqular metric space. For all integers m > 1
with ¢ > m—1 and for all real-valued dimensions 0 < sy < sp < q withm—1<sp <m,
we can find a Radon measure p on X such that

: < x,1r)) <oo forallx e X andr > 0;
(1.4) 0 < u(B(z,1)) for all X and 0

1 B
(1.5) hr?ui)nf %(f’r)) =sy at p-a.e. x €X;

1 B
(1.6) lim sup log u(B(x,1)) =sp at p-a.e. x €X;

10 log r

(1.7) w(f(E)) =0 whenever f: E C R™ ' — X is Lipschitz;

(1.8)  there exist Lipschitz maps f; : E; C R™ — X such that p (X \ U} fi(E;)) = 0.
When sy > 0, we may further arrange that p is doubling in the sense that
(1.9) pu(B(z,2r)) < Dap pu(B(x,r))  forallz € X and r > 0

for some constant 1 < Dy, < 0o depending on at most sy and X.

Remark 1.4. Properties and are equivalent, respectively, to the assertions that
the exact Hausdorff dimension dimy p of i is sy and the exact packing dimension dimp p
of p is sp; see e.g. [Tam95] or [Fal97]. In the language of geometric measure theory,
equation says that p is purely (m — 1)-unrectifiable; when m — 1 = 0, one should
interpret this to mean that p({x}) = 0 for every x € X. Equation says that pu is
m-rectifiable or carried by Lipschitz images of subsets of [0, 1]™.

The special case of Theorem |1.3| with parameters sy > 0 and m — 1 < sp < min{m, ¢}
was established in [BS25]. Thus, the goal is to prove that the theorem remains valid
at the endpoints, i.e. we verify [BS25, Conjecture 1.3] in the affirmative. The following
examples illustrate the upper endpoint sp = m.

Example 1.5. Let n > 2. Every doubling measure on R" vanishes on porous sets, and
in particular on bi-Lipschitz curves (see [BS25, §6.2]). Nevertheless, Garnett, Killip, and
Schul [GKS10] constructed a doubling measure v on R™ that charges a rectifiable curve,
which is necessarily not bi-Lipschitz. This surprising result raised the question of which
Radon measures on R™ are carried by rectifiable curves, which was later answered in
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[BS17]. Since dimp v < 1, the l-rectifiability of v now also follows from Corollary [L.2]
Applying Theorem [I.3| with X = R™ and sy = sp = m = 1, we obtain a 1-rectifiable
doubling measure g on R"™ with dimy p = dimp pu = 1, which is the largest possible
dimension of a 1-rectifiable measure. The measure p may be viewed as completing the
inquiry of Garnett, Killip, and Schul.

Ezxample 1.6. Let X = H! be the Heisenberg group, modeled on R? with a nonabelian
group law and a left-invariant metric under which H' is complete and Ahlfors 4-regular.
Ambrosio and Kirchheim [AK0Q] proved that H! is purely 4-unrectifiable, i.e. H*(f(E)) =
0 for every Lipschitz map f : E C R* — H'. By contrast, applying Theorem with
X = H! and sy = sp = m = q = 4, we obtain a 4-rectifiable doubling measure p on H!
with dimy p = dimp o = 4. Thus, doubling measures on H' can charge sets of Hausdorff
dimension 4 that are Lipschitz images of subsets of R*, albeit with H* measure zero.

We view Corollary and Theorem as evidence that Federer was right to omit
from the definition of rectifiability. These results show that rectifiability is more closely
tied to packing dimension than to Hausdorff dimension. The reliance of the classical
theorems on may simply reflect the fact that Tricot introduced packing measure and
packing dimension [Tri82] in 1982, more than sixty years after Hausdorff measures and
Hausdorff dimension [Haul8| appeared in 1918.

When sy > 0, Theorem also contributes to the study of doubling measures with
prescribed dimensions. Vol’berg and Konyagin [VK87] constructed doubling measures
on compact doubling metric spaces, and Luukkainen and Saksman [LS98] extended the
construction to complete doubling metric spaces. Wu [Wu98|] and Ké&enmiki, Rajala,
and Suomala [KRS12] showed that doubling measures can be concentrated on sets of
arbitrarily small Hausdorff dimension and packing dimension, respectively. Peng and
Wen [PW17] constructed doubling measures on [0, 1]™ of every exact dimension in (0, n],
and more generally doubling measures whose lower local dimension takes a prescribed
range of values. By Theorem [1.3] for all 0 < sy < sp < ¢, every complete Ahlfors
g-regular metric space carries a doubling measure p with dimy 4 = sy and dimp pu = sp.

As in [BS25], the measures that we construct are defined by distributing mass down
systems of metric cubes. More specifically, we let v be an Ahlfors ¢-regular background
measure on X, let (Ay)rez be an appropriate system of metric cubes on X, and let s =
(sk)72; be a sequence of “target entropies” whose Cesaro averages have lower limit sy
and upper limit sp. We define a Radon measure p = ps by specifying the value of 14(Q)
on cubes @ € [Jro, A so that ps(Q) = v(Q) for all @ € Ay and the entropy associated
to cubes in level k is si; that these prescribed values are attained by a Radon measure
follows from [Bad26]. For systems of cubes with a fixed ratio of consecutive side lengths,
the strong law of large numbers then gives, at us-a.e. v € X,

]- S B 9 . . c
(1.10) lim inf 28 (Bl, r)) — fiminf 2 Sk,
rl0 log r k—00 k
log 1s(B(, .
(1.11) lim sup og tts(B(z, 7)) = limsup u

rl0 1Og r k—o0 k
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Thus, in principle, constructing us with prescribed Hausdorff and packing dimensions is
as simple as choosing an appropriate sequence of target entropies. However, to prove that
in any Ahlfors regular metric space, we can specify the entropy associated to cubes in
level k£ to be s, and verify the required properties in Theorem we need to solve three
technical challenges.

Challenge 1. To design a measure with sy < ¢ and sp = ¢, we cannot use a standard
system of b-adic metric cubes, because the primary construction in [BS25] demands that
the scaling factor b — oo as sp — ¢. (This issue does not occur when X = R™ and sp = n.)
The obstruction is a matter of counting: at a fixed ratio of consecutive side lengths, the
estimates on the number of children of a metric cube in an Ahlfors regular space do not
guarantee enough children to prescribe entropy arbitrarily close to the ambient dimension.
After a short time, one may arrive at the idea of using a system of metric cubes whose
ratios of consecutive side lengths tend to infinity slowly. This is a natural way to reach the
ambient entropy, but it introduces error terms into the computation of local dimensions,
and these errors must be controlled in order to use the strong law of large numbers. The
approach that we adopt is to let the ratios grow slowly and to keep them constant through
long stretches of generations, so that the ratio changes only on a sparse set of generations.
This provides the full range of entropies while keeping the errors under control. As one
might imagine, using systems of metric cubes with growing ratios also complicates the
proof that the measure is doubling when sy > 0. For that part of the construction, we
introduce intermediate levels that divide a large change of scale into bounded steps.

Challenge 2. When sp = m, we need to design measures which are m-rectifiable, but
cannot check this property using Corollary [[.2] Instead we show how to use Badger
and Schul’s square packing construction to build Lipschitz maps f : E C [0,1]" — X
whose images have positive measure. The underlying idea is basic enough: try using
target entropies s, < m such that limsup, ,. k7 '(s; + -+ + sx) = m slowly in order
to check the hypothesis of Theorem for trees of cubes whose leaves have significant
measure. But at the time that we wrote [BS25], we struggled to overcome issues related to
rational approximation that arise when building appropriate trees of cubes when sp = m
or sp = q; see the argument starting near [BS25, (6.4)]. In this paper, we bypass the
rational approximation issue by reversing the order of the argument. In [BS25|, we first
built trees with a controlled number of cubes in each level, by requiring that long chains
of cubes contain a minimum number of central children, and then estimated the measure
of the leaves. Here, we first identify the descendants whose measure is significant relative
to the entropy, and then bound the number of such cubes from above.

Challenge 3. When sp = m — 1, the measures that we design are m-rectifiable by
Corollary[1.2] However, we must ensure that the measures are purely (m—1)-unrectifiable.
To do so, we arrange for our measures to have zero lower (m — 1)-density, meaning that

(B(z,r))

(1.12) lim inf 2

nl 1 =0 at psae. v €X,

because this implies that s vanishes on every set of o-finite (m — 1)-dimensional packing
measure P™ ! including Lipschitz images of E C [0,1]™"!. In Euclidean spaces X = R",
for a self-similar Bernoulli measure, we could check ((1.12) using the law of the iterated
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logarithm for i.i.d. random variables. Unfortunately, in a general Ahlfors regular space,
the number of children of a metric cube fluctuates cube-by-cube and the natural sequence
of random variables associated to ug is no longer identically distributed. Thus, this simple
argument is no longer available. Instead, we choose target entropies whose averages have
upper limit m — 1, but take excursions above that value with enough accumulated excess
to outweigh fluctuations of the measure and achieve the required vanishing density.

The rest of the paper is organized as follows. In a preliminary section, §2, we recall
basic notions of dimensions of sets and measures (§2.1), discuss how to detect dimension
using very general partitions (see Lemma 2.5 borrowed from [KRS13]), record the proof
of Corollary (§, and recall the statement of the square packing construction of
Lipschitz maps from [BS25] (§2.3)). In §3| we develop metric cubes with variable scaling,
specialize to b-adic cubes with sparse jumps, and state a criterion from [Bad26] for pre-
scribed masses of cubes to be the values of a Radon measure. In §4] we construct measures
with prescribed entropies and compute their local dimensions. Then, in §5], we introduce
intermediate levels between consecutive generations, construct doubling measures with
prescribed entropy, and prove the existence of doubling measures with prescribed lower
and upper Hausdorff and packing dimensions. Section [6| records a condition on the target
entropies that guarantees rectifiability and treats the upper endpoint sp = m, including
the critical case m = ¢. Section [7] treats the lower endpoint sp = m — 1 by establishing
the vanishing density property . Finally, § treats the cases with sy = 0, using the
construction of §4]

Table records where each case of Theorem is proved, which system of cubes is
used, and which results give m-rectifiability and pure (m — 1)-unrectifiability.

TABLE 1.1. When sy > 0, the measures are given by Definition and
are doubling. When sy = 0, they are given by Definition |4.4]

case proof cubes rectifiability pure unrectifiability

sg>0 m—1<sp<m §§_ sparse jumps Corollary (1.2  Remark [2.2
sp=m<q §6.2( no jumps Proposition [6.2] Remark [2.2
sp=m=4q §§ sparse jumps Proposition ﬁ Remark 2.2
sp=m—1 §?|_ no jumps Corollary (1.2

sg=0 m—1<sp < min{m,q} §8-.1 no jumps Corollary (1.2
sp=m<q §87 no jumps Propositiozlziz
sp=m—1>0 §8_1 no jumps Corollary 1.2
sp=m—1=0 §8_1 no jumps Corollary E no atoms
sp=q<m §8_2 sparse jumps Corollary E Remark [2.2
sp=q=m §8_2 sparse jumps Proposition 6.2 Remark [2.2

Acknowledgements. Several of the ideas brought to fruition in this paper stemmed
from conversations with Raanan Schul in the development of our joint paper [BS25].
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Development of the results and Al assistance. Initial drafts of this paper, defining
metric cubes with variable scaling, were written in January 2024. The author presented
the main idea in the talk “Metric cubes with variable scaling and applications” in the
AMS Special Session on Non-smooth Analysis and Geometry at the 2025 Joint Math-
ematics Meetings in Seattle (January 2025), and in the talk “Doubling measures that
charge rectifiable surfaces but not rectifiable curves” at the conference Quasiweekend III
in Helsinki (June 2025). These talks covered the scaling factors that tend to infinity,
the new error term that arises when the strong law of large numbers is used to compute
local dimensions, and the requirement that the scaling factors change only on a sparse
set of generations. At that time, the author had a working construction of rectifiable
measures with prescribed Hausdorff and packing dimensions with sp = m and sp = q.
The outstanding issues were the computations needed to make the measures doubling
when sy > 0 and the estimates needed to establish the vanishing lower density at
the lower endpoint.

These final computations were carried out in September 2026 with the assistance of
Claude Opus 5.5 (Anthropic). In particular, exchanges with the LLM led to the construc-
tion in §5] in which each generation is divided into intermediate levels that carry Type I
weights, followed by a single Type II transition, and to Lemma establishing vanishing
lower density. The manuscript was completed and revised in October 2026 and November
2026 using a combination of Claude Opus 5.5, Claude Fable 5.2, and GPT-6 Astra Pro
(OpenAl). These models were used to check proofs, to propose revisions, and to draft
and edit the exposition and figures. The author directed this work and verified all of the
mathematics, and takes full responsibility for the contents of the paper.

2. PACKING DIMENSION AND RECTIFIABILITY

2.1. Dimensions of sets and measures. In a metric space X, we denote the distance
between points by |z — y| and the diameter of a set by diam E := sup{|z —y| : z,y € E}.
We let U(z,r) :={y € X: |z —y| <r}and B(z,r) := {y € X: |z —y| < r} denote the
open ball and closed ball with center x € X and radius r > 0, respectively. If B is a ball
and A > 0, we let AB denote the ball with the same center and topological type as B,
but with radius multiplied by A.

For s > 0, we let H*® denote the s-dimensional Hausdorff measure, in which a set E; in
a cover has cost (diam F;)®, and we let

P*(E) := inf {Z P(E):Ecl/ E} for all E € X
i=1 i=1
denote the s-dimensional packing measure, where P*(()) := 0 and

P*(F) =1 2r;)° : B(xz;,r; k in F < 6/2
(E) ;félsup{;( i) (x;,7r;) packin B, 0 <1; <9/ },
where we say that balls B(x;,r;) pack in E if z; € E and the balls are pairwise disjoint.
Since a general metric space need not be uniformly perfect, we use this radial defini-
tion, following Cutler [Cut95]. The Hausdorff dimension dimy E and packing dimension
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dimp E are the infima of the exponents s > 0 with H*(E) = 0 and P*(F) = 0, respec-
tively. Letting N(F,r) denote the least number of closed balls of radius r needed to cover
E, the upper Minkowski dimension of E is

dimy; E := limsup w.
o log(1/7)
Let f : E — X be an L-Lipschitz map with L > 0 defined on a subset E of a metric
space. If x;,z; € E and the closed balls B(f(x;),r;) and B(f(z;),r;) are disjoint, then
|f(x:) — f(z;)] > max{r;,r;}. It follows that |z; — x;| > (r; + r;)/(2L) and the balls
B(z;,7;/(2L)) and B(z;,r;/(2L)) are disjoint. Therefore,

(2.1) P(f(E)) < (2L)*P*(E) for all s > 0.

Since constant maps have one-point images, Lipschitz maps do not increase packing di-
mension.

Let 1 be a Borel measure on a separable metric space X. The lower and upper Hausdorff
dimensions of u are

dimy p = inf{dimy £ : u(E) >0} and dimgy p = inf{dimy E : u(X\ E) = 0},

where E ranges over Borel sets. The lower and upper packing dimensions dimp p and
dimp p are defined in the same way with dimp in place of dimz. When the lower and upper
Hausdorff dimensions of p agree, we write dimy p for the common value and say that u
has eract Hausdorff dimension. Exact packing dimension dimp p is defined similarly. The
lower and upper local dimensions of p at x € X are

1 B 1 B
lim inf S T)) H(B(x, ) and  limsup log u(B(x, 1)) .
710 logr 710 logr

By a theorem of Tamashiro [Tam95, Theorem 1.8], if y is finite, then dimj, ¢ and dimg p
are the p-essential infimum and supremum of the lower local dimension, and dimp p# and
dimp p are the p-essential infimum and supremum of the upper local dimension. We apply
this to a locally finite Borel measure u by restricting p to the sets in a countable cover of
X by open sets of finite measure, which exists because X is separable. If U is open and
x € U, then p(B(z,r)) = pL U(B(x,r)) for all sufficiently small r > 0.

Remark 2.1 (packing-density null criterion). Let s > 0. By [BLZ23| Corollary 2.4], the
part of a locally finite Borel measure p on which
B
lim inf A5
rl0 rs

=0

is singular to sets of finite P® measure. In particular, if this lower s-density vanishes at
p-a.e. x, then p(E) = 0 for every set F of o-finite P® measure.

Remark 2.2 (pure unrectifiability). Let m > 1 be an integer and let u be a locally finite
Borel measure on a metric space X. Then p is purely (m — 1)-unrectifiable in the sense

of (1.7) whenever
(B
lim inf —( (z,7))

L e 0 at pae zeX
T
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When m > 2, this follows from Remark [2.1, because every Lipschitz image of a subset
of R™™! has o-finite P™~! measure; see e.g. [BSIH, Lemma 2.8]. When m = 1, the
condition says that p has no atoms. The condition holds, in particular, when the upper
local dimension of y is greater than m — 1 at p-a.e. point.

Recall that a metric space X is doubling if sup,cx sup,~o N(B(z,r),r/2) < oo, i.e. every
closed ball can be covered by a uniform number of balls of half the radius. On any doubling
space, one may compute local dimensions using sets drawn from a sequence of shrinking
partitions of X in place of balls (e.g. half-open dyadic cubes in R™).

Definition 2.3 ([KRS13| §3]). Let X be a metric space, let § > 0, and let A > 1.
We say that P is a (0, A)-partition if P is a collection of Borel sets that partition X
(ie. X = Upep P and PN P’ = ( for all distinct P, P’ € P) and there exist pairwise
disjoint closed balls {Bp : P € P} of radius ¢ such that P C ABp for all P € P.

Definition 2.4 ([KRS13, §3]). Let X be a metric space and let (Jx)x>, be a sequence of
positive numbers such that

(2.2) Ory1 < cdp for all k > kg, for some 0 < ¢ < 1, and

log 5k

2. li =
(2:3) Koo log 641

We say that (Pr)r>k, is an admissible family of d-partitions if there is A > 1 such that
Py is a (O, A)-partition for all k > k.

Lemma 2.5 ([KRS13, Proposition 3.1]). Let X be a doubling metric space and let (Pr)k>k,
be an admissible family of 0y-partitions. Let Py(x) denote the unique set in Py containing
x € X. If p is a locally finite Borel measure on X, then at p-a.e. v € X,

(2.4) i ing 0B HBE)) e s p(P ()
. ri0 log r k—300 logdr
1 B 1 P
40 logr k—00 log 0y,

2.2. Proof of Corollary [1.2] Let X be a complete, separable metric space, let Z C X
be a countable set whose closure Z = X, let 1 be a locally finite Borel measure on X, and
let m > 1 be an integer. The set of points where the upper local dimension of p is less
than m satisfies A = J,., U, 5 A. n, where

A= {a: € B(z, %) crmmYn < Bz, r)) <n forall 0 <7 < %} :
where z € Z and n > 3 is an integer. To proceed, suppose that F' := A,, is nonempty
for some z and n. It suffices to prove that F' is the image of a Lipschitz map defined on
a compact subset of [0, 1]™. Steps 1 and 2 below adapt the proof of [BS25, Theorem 3.1].
Step 3 replaces the square packing construction used there with Theorem [I.1]

1. F is closed. Suppose that x; € F for all + > 1 and lim; ,,cx; = . Then z €
B(z,1/n), because x; belongs to B(z,1/n) for all i > 1 and the ball is closed. Further,
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since B(x;,r — |v; — x|) C B(z,r) C B(x;,r + |z; — x|) for all i > 1, it follows that

P < Nimsup p(B(s, 1 — [a; — x])) < p(B(a,r)) < liminf p(Bag,r + |, — 2])) <n
1—+00 1—00
for all 0 < r < 3/n. Hence x € F and this shows that F'is closed.
2. F has upper Minkowski dimension at most m—1/n. Let 0 <r < 1/n. Ifxy,...,2; €
F and B(z1,7),...,B(xj,r) are pairwise disjoint, then

jrmiin < sz;u(B(xi,r)) = M(QBmm) < (B (z0,r+ %)) <n.

Hence j is finite. Suppose that x1,...,z; are maximal in the sense that for every x € F,
the ball B(z, ) intersects B(z;,r) for some 1 < i < j. Then F' C B(xy,2r)U---UB(x;,2r)
and j < n/r™"Y". To summarize, for any 0 < r < 2/n, the set F' can be covered by
n/(r/2)" V" = C(n,m)r=(m=1/" or fewer balls of radius 7. It follows immediately that
F is totally bounded and the upper Minkowski dimension of F' is at most m — 1/n.

3. F is a Lipschitz image of a compact subset of [0,1]™. Since X is complete and F’
is closed and totally bounded, F' is compact. By Theorem since F' is compact and
dimy F < m — 1/n < m = dimg[0, 1]™, there exists a compact set £ C [0,1]™ and a
Lipschitz surjection f : E — F. This completes the proof of the corollary.

2.3. Square packing construction of Lipschitz maps.

Definition 2.6 ([BS25, Definition 2.1]). Let X be a metric space. We call T = [ |Z,T;
a tree of sets in X if

e 7 is a finite multiseﬂ of nonempty subsets of X for all j > 0;
e #75 =1 (counting multiplicity); and,
e there is a function 1: |_|;'°:17; — T such that Q@ C Q" € T,_; for all j > 1 and
QeT;.
We call Q' the parent of @ and call Q a child of QT. For all j > 0 and Q € T;, we let
Child(Q) := {R € Tj41 : @ = R'} denote the multiset of children of Q). We denote the
unique set in T by Top(7T). Finally, the set of leaves of T is defined by

(2.6) Leaves(7) := ﬂ U Q.

=0 QET;

Theorem 2.7 (square packing construction [BS25, Theorem 2.5]). Let m > 1 be an
integer. Let T = |_|;”;0 T, be a tree of sets in a metric space X. For each j > 0, assign

(2.7) N; = glea%; #Child(Q)) and D;:= glg)__{ diam Q.

J

1A finite multiset is a finite unordered list with repetition allowed. For example, {2,0,2,6} is a multiset
with 4 elements. A function between multisets is a function between sets formed by assigning any repeated
elements a different color. For example, we could define a surjective function f : {2,0,2,6} — {0,0,0}
by forming sets {2,0,2,6} and {0,0,0} and defining f(2) =0, f(0) =0, and f(2) = f(6) = 0.
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If the closure of Top(T) is compact and

(2.8) S = i (ﬁwﬂ%) D; < o0,

j=0 \i=0

then there exists a compact set E C [0,1]™ and an S-Lipschitz map f : E — X such that
f(E) contains Leaves(T).

What is the connection between Theorem and square packings? The proof is based
on the following elementary observation: any collection of N squares in the plane of side
length s can be packed inside of a square of side length [N'/2]s, where the ceiling of a
real number z is [z] :=inf{n € Z : © < n}. More generally, any collection of N cubes in
R™ of side length s can be packed inside of a cube of side length [N/™]s.

3. METRIC CUBES WITH VARIABLE SCALING

3.1. KRS cubes with variable scaling. A metric space X has totally bounded balls if
every closed ball in X can be covered by finitely many closed balls of any given radius.
On such spaces, Kédenméki, Rajala, and Suomala [KRS12] gave a short construction of
nested partitions into sets that behave like b-adic cubes. Our construction at the endpoint
sp = q uses ratios of consecutive side lengths tending to infinity. The following version of
their construction only requires the side lengths to decay at least geometrically.

Theorem 3.1 (KRS cubes with variable scaling). Let X be a metric space with totally
bounded balls. Choose an origin o € X, a number b > 3, and a sequence (ry)rez of positive
numbers, called side lengths, such that r, = b=* for all k < 0 and

(3.1) rr <rp_1/b  forall k> 1.
Put
1 1 b
Cp —§—m and Cb = m

For every k € Z, there is a partition Ay of X into nonempty bounded Borel sets, called
cubes, together with points xq for QQ € Ay, called centers, with the following properties.

(1) nesting: if Q € A, R€ A, and 1>k, then QN R=0 or R C Q;

(2) roundness: U(xg,cyri) C Q C B(zg, Cyry) for all Q € Ay;

(3) origin: for every k € Z, there is Q € Ay with xg = o;

(4) inheritance: for every Q € Ay, there is R € Agq with R C Q and xp = xg.

Proof. When r, = b= for all k, this is [KRSI2, Theorem 2.1] with r = 1/b, for which
the constants % — 1 and l_i'r in that theorem equal ¢, and Cj,. In general, we run the
construction of [KRS12] with 74 in place of r*. For k < 0, the level-k centers are chosen
exactly as there. For k > 1, the level-k centers form a maximal r,-separated set that
contains the level-(k — 1) centers, which is possible because 7, < ;. The partial order
on the indices and the definition of the cubes are unchanged. In the proof of [KRS12,

Theorem 2.1|, the scales enter only through the separation of the level-k centers, the fact
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that every level-(k + 1) center lies within distance 7, of the level-k center to which it is
assigned, and the tail sum > _, r™. With the tail bound

o0

> T

—i k

E Thti STk =17
i=1 i=1

the argument there gives Q C B(xzq, (1 + 755)r) and U(zg, (3 — 75)r%) C Q for all
@ € Ay. The remaining properties follow as in [KRS12]. O

Remark 3.2 (notation). Let b and (74)rez be as in Theorem We call a family (Ag)kez
of partitions of X into nonempty bounded Borel sets, together with centers zq, a system of
cubes with side lengths (ry)xez if properties (1)—(4) of Theorem [3.1| hold. Thus, Theorem
provides a system of cubes with any such side lengths. When 7, = b=* for all &k, we
call it a system of b-adic cubes. We call Ay the k-th level or generation of A :=| |, ., Ay.
The same set may belong to Ay for several k, and a cube is always considered together
with its level. For Q € Ay, we call

side Q) := 7y, Ug = Ul(xg, cpside Q), Bg = B(zg, Cyside Q)

the side length, inner ball, and outer ball of (). Thus, diam ) < 2Cyside ). For 57 > 0,
let Child’(Q) be the set of cubes in A, ; contained in @, and put Child(Q) := Child"(Q).
We call the cubes in Child(Q) the children of ). Since xg € Ug, exactly one child of @
contains zg. We call it the central child of Q and denote it by Q. By inheritance, the
center of Q¥ is zg. For every k € Z, put

Tk—1
(3.2) & = o
Thus, & > b is the ratio of the side lengths of cubes in the generations £ — 1 and k, and
& = b for all k < 0. The side lengths are determined by the ratios, since rp = (& -+ &)~}
for all £ > 1. For a system of b-adic cubes, & = b for all k.

Remark 3.3 (exhaustion). For k € Z, let Q% be the cube in Ay with center o, the origin
of system A. By inheritance, Q¢ C Q% _; for all k, and Qf D U(o,cpb™") for all k < 0.
Hence X = J,, Q5. It follows that every cube is contained in @) for some k, and any
two cubes have a common ancestor.

For nonempty sets A, B C X, the gap between A and B is
(3.3) gap(A, B) :=inf{|lz —y|:z € A, y € B}.
If AC A" and B C B’, then gap(A, B) > gap(A’, B').

Lemma 3.4 (counting cubes). Let X be an Ahlfors q-regular metric space, let v be a Borel
measure on X, and let C, > 0 and D, > 1 be constants such that
(3.4) Cori <v(B(z,r)) < C,D,r? forallxz € X and 0 < r < diam X.

Let (Ay)kez be a system of cubes with b > 47. If j <k, P € A;, P#X, and L :=r;/ry,
then

(3.5) D;1379L0% < #Child*(P) < D,3L9, and
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(3.6) DIl3ap 1 < Z 83 < D,3'L™" for all R € Child"(P).
Moreover, put Cx := D,69. For allk € Z and P € Ay, with P # X, the sets
(3.7) Inner(P) := {R € Child(P) : RN U(xp, 3¢, side P) # 0},

(3.8) Outer(P) := Child(P) \ Inner(P)

satisfy

(3.9) Cy ¢l < #lnner(P)  and #Child(P) < Cx¢},

and every R € Child(P) with gap(R, X\ P) < 9side R belongs to Outer(P). In particular,
P* € Inner(P) and gap(P*,X\ P) > 9side P*.

Proof. Since b > 47, we have ¢, > 22/46 > 2/5 and Cj, < 47/46 < 6/5. Since Up C P # X,
we have ¢, side P < diam X. Hence the lower bound in (3.4)) applies to balls of radius at
most ¢, side P. Write o := side P and 7 := r. The inner balls U with R € Childk_j(P)
are pairwise disjoint and lie in Bp. Hence

#Child*(P) C,(21/5)* < C,D, (65 /5)".
Conversely, Up C P C URECh”dk—j(P) Bpgr, and therefore
C,(20/5)1 < #Child*~(P) C,D,(67/5)".
These are (3.5)). Similarly, C,(27/5)¢ < v(R) < C,D,(67/5)? and C,(20/5)! < v(P) <
C,D,(60/5), which give (3.6).
Now let P € Ay with P # X, and put o := side P. By (3.5), #Child(P) < D, 37! <
Cx&f. Since 3¢, > 11/46 > 1/5, the ball B(zp,0/5) lies in U(xp, 36,0) C P, and

2
it is covered by the cubes in Inner(P). Every child R of P satisfies v(R) < v(Bg) <

C,D,(60/(5&))?, whereas v(B(zp,0/5)) > C,(c/5). Hence #lnner(P) > D, '67].
Finally, let R € Inner(P). Then R C B(zp, s¢0 + diam R) and X\ P C X\ U(zp, 40).
Since diam R < 2, side R, 0 = & side R, and &, > 47,
gap(R, X\ P) > (36,&, — 2C,) side R > (423/46) side R > 9side R.
Thus, every R € Child(P) with gap(R, X\ P) < 9side R belongs to Outer(P). Finally, P*
contains zp, and hence P+ € Inner(P). O
Figure 3.1 illustrates the sets in Lemma [3.4]

3.2. Sparse jumps. For the rest of the paper, when variable scaling is needed, we use
one particular choice of side lengths.

Definition 3.5 (sparse jumps). Let b > 3. Put & := b and &; := b[log, j| for all j > 2,
and put

bk k<0
3.10 = ’ -
310 h {(sl---m—l, k> 1.

A system of cubes (Ag)rez with side lengths (r)kez, in the sense of Theorem and
Remark [3.2] is called a system of b-adic cubes with sparse jumps.
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Up

U(zp, cpside P)

central child P*

a child in Inner(P)

a child R with gap(R, X\ P) < 9side R,
which lies in Outer(P)

FIGURE 3.1. Inner and outer children in Lemma 3.4 The children in
Inner(P) are shown in blue, and the central child P* in a darker shade.

To distinguish the two systems, we refer to a system of b-adic cubes in the sense of
Remark [3.2] for which & = b for all k, as a system of b-adic cubes without jumps.

Remark 3.6 (plateaus). Let A be a system of b-adic cubes with sparse jumps. For every
integer h > 1, we call the set of generations k > 1 with & = bh the h-th plateau of A. The
first plateau consists of the generations 1 and 2, and for A > 2, the h-th plateau consists
of the 2"~! consecutive generations 2"~1 < k < 2". The ratio &, changes value only in
the transition from k = 2" to k + 1, and we call the generations 2" + 1 with A > 1 the
jumps of the system. Thus, & — oo, while & is constant on the long plateaus between
consecutive jumps; see Figure [3.2]

&k

5b+ .
4b+ .
30 —

2t e

b+ o

12 4 8 16 32
FIGURE 3.2. Ratios of consecutive side lengths for a system of b-adic cubes

with sparse jumps, for the generations 1 < k < 32. The jumps at genera-
tions 2" + 1 are marked in magenta.

In the computation of local dimensions in the proof of Theorem 1.9, we use the fact
that the ratios &, are nearly constant on average.
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Lemma 3.7 (ratios on average). Let A be a system of b-adic cubes with sparse jumps. If
h>2 and 21 < n < 2" then

n f oh+2
(3.11) D log Pt < —— 420 2 log b,
k=1 Sk h
Moreover,
(3.12) Jim Z 1og

Proof. Let h > 2 and 2"! < n < 2" Then &, = bh, and the generations k& < n with
&x = bh contribute nothing to the sums below. For 1 < < h — 1, the generations k < n
with &, = bi form the i-th plateau, which contains at most 2 generations. Hence

Zlog < ZQZlog—

If h/2 <1< h-—1, then log(h/z) < (h— z)/z < 2(h —1i)/h. Writing j = h — i and using
> 0217277 =2, we obtain

; h 9 o0 b 2h+2

>, Hlogg ) 2=
h/2<i<h—1 j=1
If 1 <i<h/2, then i < (h—1)/2 and log(h/i) < logh. Thus,
o h-1)/2)
> 2log= <logh » 20 <20V/2logh,
? -
1<i<h/2 i=1

Adding the last two estimates gives (3.11)). Since & < &, for all k < n and n > 2h—1,
dividing (3.11)) by n gives

0<— Zlo—< +2(3h/210gh

Since h — 0o as n — 00, this ylelds . O

3.3. Measures from mass distributions. In §§4H8] we define measures by prescribing
the masses of cubes. To verify that the prescribed masses are the values of a Radon
measure, we use two results from [Bad26]. A Radon measure on a proper metric space is
a Borel regular outer measure that is finite on bounded sets.

Definition 3.8 (nested partitions). Let X be a proper metric space. A sequence (Ag)r>o0

of families of subsets of X is a sequence of nested partitions if the following conditions
hold.

(1) Every Ay is a partition of X into nonempty bounded Borel sets.

(2) Every set in Ay, is contained in a set in Ay.

(3) Every bounded set in X intersects only finitely many sets in Ay for every k > 0.
(4) supgea, diam @ — 0 as k — oo.
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Let (Ag)k>0 be a sequence of nested partitions. We call the sets in 7 := ;o Ax cubes.
For Q € A and n > 0, let Child"(Q) be the finite set of cubes in Ay, contained in @,
put Child(Q) := Child'(Q), and put

Collar®(Q) := {R € Child"(Q) : RN dQ # 0}.
The same set may belong to Ay for several k. In that case, Child"(Q) and Collar"(Q) are

understood relative to a specified occurrence QQ € Ay,.

Definition 3.9 (mass distributions). Let (Ag)r>0 be a sequence of nested partitions of a
proper metric space X. A mass distribution is a function w : T — [0, 00) such that

(3.13) w(Q) = Z w(R) forall @ € Ag and k > 0.
ReChild(Q)

A mass distribution w is tame if

(3.14) lim Z w(R) =0 for every occurrence Q) € Ay.

n—
ReCollar™(Q)

Given a mass distribution w, put w(f)) := 0 and

fh(A) := inf {Zw(@z) Q€ TU{0} and A C UQ’} for all A C X.
i=1

i=1
We call p,, the Method I outer measure with weight w.
Theorem 3.10 ([Bad26, Theorem 6.3]). Let (Ag)r>0 be a sequence of nested partitions of

a proper metric space X, and let w be a mass distribution. Then ., is a Radon measure
on X. Moreover, w is tame if and only if

(3.15) (@) =w(Q) and p,(0Q) =0 forall Qe T.

In the following corollary, gap is given by (3.3)), with gap(A, B) = co when A or B is
empty.

Corollary 3.11 ([Bad26l Corollary 6.5]). Let w be a mass distribution for a sequence of
nested partitions of a proper metric space X. Suppose that there is n > 0 such that, for
every occurrence Q) € Ay, there is a family Z(Q) C Child(Q) with

gap(UI(Q),X\Q) >0 and Z w(R) > nw(Q).
ReZ(Q)

Then
(3.16) Z w(R) < (1—n)"w(Q) foralQeT andn > 0.

ReCollar™(Q)
In particular, w is tame, and (3.15)) holds.

Corollary extends [BS25, Lemma 4.14], which treats systems of b-adic cubes with
b > 5 and takes Z(Q) to be the central child of Q.
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4. MEASURES WITH PRESCRIBED ENTROPY

In this section, we prescribe the entropy of measures at every generation of a system
of cubes and compute their local dimensions. The construction in Definition [4.4] is used
in §8 and a refined construction that produces doubling measures is the subject of §5]
The dimension estimate rests on the strong law of large numbers, see e.g. [Heu(7], [BS25].
The random variables in [BS25, Lemma 5.6] are bounded and uncorrelated, whereas here
they are not uniformly bounded once the target entropies tend to zero. Instead, to use
the strong law of large numbers, we bound their conditional second moments using only
the number of children of a cube.

Scaling the metric on a space X does not change Ahlfors regularity, local dimensions,
the doubling property, or the images of Lipschitz maps. Thus, throughout §§4Hg| we can
and do adopt the following convention, which allows us to focus on generations k > 0.

Convention 4.1 (standing assumptions). Let X be a complete Ahlfors g-regular metric
space with ¢ > 0 and diam X > 2.1. Fix an Ahlfors ¢g-regular measure v on X satisfying
(3.4), and let D, > 1 and Cx = D,67 > 1 be the constants in Lemma . Put

(4.1) K :=D272% and Cgy := CxK>.
Let b > max{47,Cx} be large enough that
(4.2) log, Cent < q/4,

where the value of b is chosen in each application. Let (Ay)rez be a system of b-adic cubes
without jumps or with sparse jumps, with side lengths (ry)gez.

The constant K bounds the Type II weights in Lemma [5.6] and Cey, bounds the loss

of entropy in Lemma [5.9] and in the ranges (4.8)) and (5.7)) of target entropies.
In both cases, rg = 1. Every cube ) in Ay with k£ > 0 has diameter at most 2Cyr; <

2C, < 2.1, and hence @ # X. Since C5'¢l > C5'09 > C3 > 1 by ([(.2), Lemma gives
(4.3) 2 < #lnner(P) < #Child(P) < Cx¢} for all P € Ay_; and k > 1.

Definition 4.2 (target entropies). Let s = (sg)r>1 be a sequence of nonnegative numbers.
A Radon measure g on X with 0 < pus(Q) < oo for every cube @ has target entropies s if

ps(R) ps(P)
(4.4) log =g, forall Pe Ay and k> 1,
Rec%w) ps(P) % ps(R) 1

where & = b when the system of cubes A has no jumps, and & = b and & = b[log, k]
(k > 2) when the system of cubes A has sparse jumps.

For a sequence s = (s;)g>1 and n > 1, we write

(4.5) A(s) = % S s

for the average of the first n terms.
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Let ps be as in Definition . For z € X and k € Z, let Qx(z) be the cube in Ay
containing x, and put

W i e

The function X, is constant on every cube in Ay, and for every P € Ay_1, the integral
Jp X dus equals fis(P) times the left side of (4.4]). Thus, (4.4) is equivalent to

for all £k > 1.

(4.7) / Xy dus = s pus(P)  for all P € Ay and k > 1.
P

To apply the strong law of large numbers and related estimates, we use the following
probabilistic notation. Fix Qg € Ay, normalize ugs L )y to be a probability measure P
with expectation E, and let .%; be the g-algebra generated by the cubes in Ay contained
in Q9. Then says that E(Xy | %_1) = s for all k > 1.

Our first construction produces measures with any target entropies in a range that
depends only on X, b, and the system of cubes. It divides the mass of every cube between
its central child and its remaining children.

Lemma 4.3 (central entropy). Let a > 1 and let N > 2 be an integer. For all 0 < v <
(N - 1)/N7 put

1 N -1
han(v) == (1 —v)log, —— +vlog, ——.
~(v) = (1~ v)log, 7— +wlog, —

The function h, n is continuous and strictly increasing on (0, (N — 1)/N], hon(v) — 0
asv 0, and hq y((N —1)/N) = log, N.

Proof. The assertions follow from A, y(v) = log,((N — 1)(1 —v)/v) > 0 for all 0 < v <
(N —1)/N. O

Definition 4.4 (central weights). Let s = (si)r>1 satisfy
(4.8) 0 < sp < q—logg Copy forall k > 1.

For £k > 1 and P € Ag_1, put Np := #Child(P), and let 0 < vp < (Np — 1)/Np be the
unique number with he, v, (vp) = si. The central weights with target s; on Child(P) are

pp(PY) i=1—vp and pp(R) = N“P - for all R € Child(P) \ {P*},
—
which sum to 1. Declare us(Q) := v(Q) for all @ € Ay, and recursively declare us(R) :=
pp(R)us(P) for all R € Child(P), P € Ag_1, and k > 1.

By (4.3), Np > 2 and log, Np > log,, #lnner(P) > q —log,, Cx > q — log,, Cent > 5p.
Hence vp exists and is unique by Lemma By (4.2)), the range (4.8) contains (0, 3¢q/4]
for every k > 1. Figure [4.1] illustrates the central weights.

Lemma 4.5 (existence). The masses in Definition[4.4) are the values of a Radon measure
s on X with full support, which satisfies us(0Q) = 0 for every cube Q € Ay with k > 0
and has target entropies s.
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P

1—’Up

vp/(Np —1)

FIGURE 4.1. The central weights of Definition 4.4 The central child P,
which contains xp, receives weight 1 — vp, and every other child receives
Weight ’Up/(Np — 1)

Proof. Since X is complete and Ahlfors regular, X is proper. The inner balls of the cubes
in Ay are pairwise disjoint and have radius ¢,rg, and every cube in A has diameter at
most 2Cyr. By (8.4), (Ax)rso is a sequence of nested partitions, and by construction
the masses form a mass distribution for this sequence. Let P € A,_; with & > 1,
and put N := Np and M := #lnner(P). By Lemma [3.4] every R € Inner(P) satisfies
gap(R,X \ P) > 9side R. Since Inner(P) is finite, gap(|JInner(P),X \ P) > 0. Since
vp < (N —1)/N, every child of P other than P¥ receives weight vp/(N —1) < 1/N. The
N — M children in Outer(P) are of this kind, because P¥ € Inner(P). The weights pp(R),
R € Child(P), sum to 1, and therefore

N-M M_ __,
Y R =1- > pP(R)Zl—T:NZCxa
ReElnner(P) ReOuter(P)

where the last inequality follows from (3.9). Corollary with Z(P) = Inner(P) and
n = Cx? and Theorem give a Radon measure pg that takes the prescribed values on
the cubes in Ay with &£ > 0 and satisfies us(0Q) = 0 for these cubes. A cube Q € Ay
with k£ < 0 is the union of the finitely many cubes in A contained in @), and therefore
us(@) = v(Q). Every weight pp(R) is positive. Hence every cube has positive and finite
mass, and since every ball contains a cube, ug has full support. Finally, the left side of
at P € A, is hﬁk,Np(UP) = Sg. O

Next, we compute the local dimensions of measures with target entropies.

Lemma 4.6 (entropy estimates). Let N > 1 be an integer and let p,...,py be positive
numbers with p; +---+py = 1. Then

N N 2
1 1

E pilog — <log N and E Di (10g —> < (logN)? 4 2log N + 2.
pi Di

=1 =1
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Proof. By the concavity of the logarithm, Zi]ilpi log(1/p;) < log vazl pi(1/p;) =log N.
For the second inequality, put z; := log(1/p;) > 0, and for u > 0, put I(u) := {i : z; > u}.
Every i € I(u) satisfies p; < e™*, and hence

Z pi < min{l, Ne™*} for all u > 0.
i€l(u)

Zi

Since 22 = fo 2u du for every i, interchanging the sum and the integral gives

N 9] log N 00
sz-zf:/ ZUZpidug/ 2udu + N 2ue " du = (log N)* + 2log N + 2.
i=1 0 i€I(u) 0 log N
O
Lemma 4.7 (second moments). Put
2(¢+1) 2

Clar := 1) .
(a+1)"+ log b +(logb)2

If us has target entropies s = (Sg)k>1, then 0 < s < g+ 1 for allk > 1 and
/(Xk — 5p)? dpts < Cuar pts(P)  for all P € Ap_y and k > 1.
P

Proof. Fix k > 1 and P € Ay, put N := #Child(P), and put pgr := ps(R)/us(P) for
R € Child(P). The numbers pg are positive and sum to 1, and Xy log &, = log(1/pr) on
every R € Child(P). By (4.4), Lemma[l.6, (4.3), and Cx < b < &,

1
silog &, = Z prlog — <log N <logCx + qlog&: < (¢ + 1)log&.
ReChild(P) PR

Hence 0 < s, < g+ 1. By (A7), [o(Xi — si)?dus = [ X7 dus — sips(P). Lemma
and log N < (q + 1) log & give

P) 17
X—stsg/XQdS: Hs p (10 —)
/P( e se) s < | Xifdpe = e Z(P) e log

REChild
2(¢+1) 2 )
< |((¢g+1)*+ s(P),
(<q U T Y L
which is at most Cuyy pis(P). O

We use the strong law of large numbers in the following form.

Lemma 4.8 (strong law of large numbers [Sto74) Theorem 3.3.1]). Let (%)k>0 be an
increasing sequence of o-algebras on a probability space with probability P and expectation
E. Let (Yi)k>1 be square-integrable random variables such that Yy is Fy-measurable and

E(Y; | Fi1) =0 for all k > 1. If
— E(YY | Zi-n)

12 < 0o almost surely,

k=1

then limy, o = >0 Yy, = 0 almost surely.
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Theorem 4.9 (local dimensions). Let us be a Radon measure on X with target entropies
s = (Sg)k>1. Then, at ps-a.e. v € X,

l S B ) . . . ]- S B Y .
(4.9) liminf og 1s(Bl, 7)) = liminf A,(s), limsup og 1s(B(x,7)) = limsup A, (s).
rl0 log r n—00 10 log r n—00

Proof. Fix Qy € Ag, normalize us(Qo) = 1, and use the notation introduced after Defini-
tion [4.2] Put Y} := X, — s. Then E(Y), | #_1) = 0 by (7)), and E(Y}? | F—1) < Crar
by Lemma [£.7], for all £ > 1. Lemma [£.§| therefore yields

n

o1
(4.10) nhjEO - Z(Xk —s,) =0 at pus-a.e. € Qo.
By ([E6) and (32).
1 . 1
(4.11)  log——— = Xi(z)log&, and  log — = log&, for all n > 1.
11s(Qn (7)) ; "n Z

The sequence (log&y)k>1 is nondecreasing. Put L, := >} ;10g(&,/&). Then L, = 0
when &, = b for all k, and L, = o(n) by Lemma for a system with sparse jumps.
Moreover, log(1/r,) = nlog&, — L,. By Lemma[4.7 0 < s; < ¢+ 1, and hence

0<logt, Y s~ Yoo = - selog < (g4 DL,
k
k=1 k=1 k=1

Fix © € Qo at which (4.10) holds, and put S, := > ;_, Yi(x). Then S, = o(n), and
summation by parts gives

S Vi(2) log & = Sy log &, — Zsk g
k=1 k

Let ¢ > 0, and choose k. such that |Sg| < ek for all k > k.. Since (log&k)k>1 is positive
and nondecreasing, for all n > k.,

Z Yii(z) log &
k=1

where C is the sum of |Si|log(&k+1/&k) over k < ka, which does not depend on n. Dividing
by nlogé&,, letting n — oo, and then letting € | 0, we obtain >, (X (x) — s) log & =
o(nlogé&,). By (4.11] -
log p1s(@n(x)) _ log&n 3y Sk — 2oy 5 108(6n /) + D jy (K@) — si) log &
logry, nlogé&, — L, ‘
Divide the numerator and the denominator by nlog¢,. Since 0 < s < ¢+ 1, L, = o(n),
and log &, > logb, we obtain

log p1s(Qn())
log ry,

It remains to replace the cubes @,(z) by balls. Put ¢, := %cbrk and A = 2Cy/c.
For every k > 0 and @) € Ay, the closed ball B(zg,d)) lies in the inner ball Uy, and

<C. +5n10g§n+52k510g 5’2“ < C. + 2enlogé,,
k

(4.12) = A,(s) +o(l) at ps-a.e. z € Q.
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Q C B(zg,Cyry) = B(xg,Ad;). Since the inner balls of the cubes in Ay are pairwise
disjoint, Ay is a (0, A)-partition in the sense of Definition Moreover, 01 < 0y /b
and log(1/dx) > log(1/rr) > klogb. Since &1 < b(1 + logy(k + 1)),

log 0p1 log &1, logbtlog(1 +logy(k + 1))

1< = —
— logdy log(1/dx) — klogb

for all k£ > 1,

and the right side tends to 1 as & — oo. Hence (Ag)g>o is an admissible family of
dr-partitions in the sense of Definition [2.4]

The space X is doubling, because it is Ahlfors regular. By Lemma [2.5] at us-a.e. « €
X, the lower and upper local dimensions of ugs at = are the lower and upper limits of
log ps(Qn(x))/ log d,,. Since logé,/logr, — 1, these are also the lower and upper limits
of log us(Qn(z))/logr,, which are the right sides of at ps-a.e. © € Qo by (4.12).

Thus, (4.9) holds at ps-a.e. x € Q.
Finally, the cubes in Ay have pairwise disjoint inner balls, and X is separable, because

it is proper. Hence A is countable. Since )y € Ay was arbitrary and (4.9) does not
change when g is multiplied by a positive constant, (4.9)) holds at us-a.e. z € X. O

Lemma 4.5 and Theorem produce, for every sequence of target entropies satisfying
(4.8), a measure with full support whose lower and upper local dimensions are the lower
and upper limits of A4,,(s). We use this construction in §§|

5. DOUBLING MEASURES WITH PRESCRIBED ENTROPY

When sp > 0, Theorem asks for a doubling measure. As in [BS25, Lemma 5.5,
whose mechanism goes back to [KRS12, §3], we prove doubling by comparing the masses
of nearby cubes through their chains of ancestors. The comparison works when, at each
level, siblings have comparable mass, and children near the boundaries of their parents
receive a common weight, which may depend on the level, but not on the parent. The
central weights of Definition lack these features in general. Weights with both features
and with a prescribed entropy are available when every cube has a bounded number of
children; see [BS25, §5]. For a system with sparse jumps, however, the number of children
of a cube is unbounded. To handle this, we insert intermediate levels between consecutive
generations. Between two generations, we first spread mass over several intermediate levels
using weights of quasi-Bernoulli type, called Type I weights, and then, if some intermediate
levels remain, reach the next generation in a single step using weights comparable to the
background measure, called Type II weights. Type I weights realize entropies up to a
fixed distance below ¢, while Type II weights have entropy close to ¢ when they span a
large change of scale. Mixing the two yields every entropy that we need.

We continue to follow Convention [4.1] with the system of cubes chosen in §5.1]

5.1. Intermediate levels. Our next goal is to divide the passage from each generation
of a system of b-adic cubes with sparse jumps to the next generation into steps with
bounded ratios of side lengths. The hypotheses of Theorem constrain only the ratios
of consecutive side lengths, and the properties of a system of cubes persist when we keep
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only a subsequence of its levels. Thus, we may first choose a system of cubes with finer
side lengths and then recover the original generations as a subsequence of its levels.

Lemma 5.1 (subsequences of levels). Let (A})wez be a system of cubes with side lengths
(Te)eez, and let (Cx)kez be a strictly increasing sequence of integers with €, = k for all
k < 0. Then (Azk)kez, with the same centers, is a system of cubes with side lengths
(Te, )vez- Moreover, if k € Z and Q € A}, then for every { with ly_y < € < €y, the
cubes in A} contained in () form a partition of Q), which refines the partition at level { —1
when £ > £, _y. At £ = ly, this partition is the set of children of Q in (A} )rez-

Proof. Put rj, := 74,. Then r;, = b=* for all kK < 0. For k > 1, we have ¢, — {;,_; > 1, and
for (74)eez gives 1 < b~y | <y /b. Thus, (74)rez satisfies the hypotheses
of Theorem with the same b, and hence with the same constants ¢, and C}. Nesting,
roundness, and the origin property for (A7 )rez are special cases of the same properties
for (A})eez. For inheritance, let Q € A7 , and apply inheritance in (Aj)eez a total of
U1 — £y times to obtain R € AzkH with R C @ and zp = zq.

Now let @ € A} | and £ > {;_;. By nesting, every cube in A is either contained in @
or disjoint from (). Since A} is a partition of X, the cubes in A} contained in () form a
partition of (). By nesting again, every cube in Aj is contained in a cube in Aj_;, which
gives the refinement. The last assertion is the definition of children. 0

Definition 5.2 (intermediate levels for b-adic cubes with sparse jumps). Let (74 )krez and
(&k)kez be the side lengths and ratios of Definition . For every k € Z, put

Vi == |log, & and ay := fi/v’“.

Thus, V;, > 1 and b < a; < b%. Put ¢, ;= k for all £ <0 and ¢, := Z?Zl V; for all k > 1.
For every ¢ € Z, let k be the unique integer with ¢;,_; < ¢ < ¢, and put

. —(l—Li—1)
Te = Tk—1 0y .

Then 7, = b~* for all £ <0, 7y = ay7y > b7y for all ¢ € Z, and 7, = 1y, for all k € Z.
Let (A})ecz be a system of cubes with side lengths (7/)sez given by Theorem , and
put Ay = Aj for all k € Z. By Lemma (Ag)kez is a system of b-adic cubes with
sparse jumps. We call A} the (-th intermediate level, and we call (Ay)gez, together with
(A})eez, a system of b-adic cubes with sparse jumps and intermediate levels.

Throughout this section, the word generation refers only to the partitions Ay = A7 |
and the index k always counts generations, while the index ¢ counts intermediate levels.
We say that the intermediate levels ¢ with ¢, < ¢ < { belong to the k-th generation.
Target entropies (Definition are always computed between consecutive generations,
with the ratios &.

For @) € Ag_1, we continue to write Child(Q) for the set of children of @) in A. For
Q € Aj_,, we write Child"(Q) for the set of cubes in A} contained in ), and we define
Inner”(Q) and Outer™(Q) by and with Child*(Q) in place of Child(@). In this
section, Q* always denotes the cube in Child*(Q) containing z¢. By Lemma , for every
kE>1and Q € Ap_1, the intermediate levels belonging to the k-th generation divide the
passage from @) to Child(Q) into Vj steps, each with ratio of side lengths a;. Lemma
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Type I Type 11
Q R € B(P):
« ight L
weight - D30
B = R ¢ B(P):
R
weight A pV(P)
. v(P)
Type I weights
at each step one Type II transition
Vi~V
ag ag %
Vo) S Y 1
— o o + log =L
Ll b1+ V) Uy,
side rp_1 side ry,

generation k: & = a,‘;k, here with V;, = 6 and V) = 2

FIGURE 5.1. Top left: the Type I weights of Definition [5.4} the circle is
Ul(zgq, 3¢ side Q). Top right: the Type IT weights of Lemma [5.6; B(P) con-
sists of the cubes meeting the region outside the dashed contour. Shading
and areas are schematic. Bottom: intermediate levels between the genera-
tions k — 1 and k. The first V/ steps, each of ratio ax, use Type I weights,
and one Type II transition covers the rest. Filled dots mark the effective
levels of §5.3] and hollow dots mark the levels skipped by the Type II tran-
sition.

applies both to (A )kez, with ratios &, and to (A})sez, with ratio ay at every intermediate
level belonging to the k-th generation; in the latter case, its conclusions hold with Child*,
Inner*, and Outer” in place of Child, Inner, and Outer. If &, < b?, then V,, = 1, and ¢}, is the
only intermediate level belonging to the k-th generation. On the h-th plateau (Remark
, & = bh, so Vi, = 1+ |log, h]. Thus, additional levels strictly between consecutive
generations occur precisely on the plateaus with A > b.

When &, = b for all k£, we use the same notation with

Vi =1, ar =, U, =k, T =0b" Ay = Ay,

where (Ag)rez is a system of b-adic cubes without jumps. In this case, every generation
is an intermediate level, Child* = Child, and only Type I weights occur in the construction
of Throughout the rest of this section, (Ay)kez is a system of b-adic cubes without
jumps, with this convention, or with sparse jumps and intermediate levels as in Definition
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5.2 and every result below applies in both cases. Every cube in an intermediate level
¢ > 0 has diameter at most 2C}, < 2.1 and is not equal to X. The bottom panel of Figure
[b.1] shows the intermediate levels between two generations.

5.2. Two types of weights. We use two rules to assign weights to the descendants
of a cube. Type I weights select an entropy at each bounded step between consecutive
intermediate levels. Type II weights handle the remaining change of scale in a single step,
with entropy close to the ambient value ¢ when that change is large. Both rules assign a
common weight, which depends only on the levels involved and not on the parent, to all
descendants sufficiently close to the boundary of the parent.

Put N, := [Cxb®]. By Lemma [3.4] if £ — 1 > 0 and ¢ belongs to the k-th generation,
then #Child*(Q) < Cxai < N, for every @ € Aj_,. The next lemma records the properties
of the boundary weights that we use.

Lemma 5.3 (cf. [BS25, Lemma 5.3]). Let N > 2 be an integer and let tp, > 0. There
are « >0 and 0 < kg < «, depending only on b, N, and t,,, with the following property.
Let b < a < b2, let nows > 0 and niy > 2 be integers with noy + nin < N, and let
tmin < t <log, ni,. There is a unique pair (B,7) with 0 < 5 <~ such that

(5.1) Now + (N — D) +v =1,
(5.2) 1 1+( 1)p1 1+1 ! t
) Nouwr 10g, — + (N — og, = +vlog, — =t.
! a 3 v

For fixed noy and ny,, the pair (B,7) depends continuously on (a,t). Moreover, > Ko
and v > 1/(2N) > Ko.

Proof. Choose 0 < a < 1/(2N) with
Na(log(l/a) + 1) < %tmin log b,

which is possible because the left side tends to zero with «a. Fix ng and ny,, put w :=
1 — noyer, and note that w > 1/2. Writing v = w — (ny, — 1), the condition holds,
and 0 < # <« is equivalent to 0 < § < w/ny,. For 0 < B < w/ny,, let F,(8) be the left
side of (5.2), with 0log(1/0) := 0. Since —(1 — z)log(l — z) < z for 0 < z < 1, we have
wlog(l/w) < nouwar, and therefore

o log(1/a) + wlog(1/w) _ Na(log(1/a) +1) _ tui
loga - log b - 2

Fo(0) =
At 8 = w/ny,, also v = w/ny,, and

Fy, (w/nin) - loga Nin = Nout loga

1

+wlog, — >0,
in w
because ni,av < 1/2 and w < 1. Moreover, F!(8) = (ny, — 1)log,(v/5) > 0 for 0 <
S < w/ny,. Hence F, is continuous and strictly increasing on [0, w/ny,| with F,(0) <t <
F,(w/nin), and there is a unique § € (0,w/ni,| with F,(8) = t. By and § < v, we
have v > w/ny, > 1/(2N).

Put Kppms = {(a,t) 1 b < a < b2 tpn <t < log,nin}. Let (a;,t;) — (a,t) in
KCrgui s> and let ; and 5 be the corresponding solutions. Every subsequential limit 5’ of
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(B:) lies in [0,w/ni,) and satisfies F,(5’) = t, because (a,3) — F,(B) is continuous. As
F,(0) < t, uniqueness gives 5/ = 3. Thus,  and v depend continuously on (a,t). Since
Koo i, 18 compact, 8 has a positive minimum on /C,,, ».. whenever I, ».. 7# 0. Let g
be the least of «, 1/(2N), and these minima over the finitely many pairs (noug, nin) with
Nout + Nin S N. O]

Definition 5.4 (Type I weights). Let 0 < ¢t < ¢/2, and let o and k¢ be given by
Lemma [5.3| with N = N,. Let k > 1, let £ be an intermediate level belonging to the k-th
generation, put a := ag, and put

to(a) := q —log, Cx.
Let @ € Aj ; and let tym <t < to(a). The Type I weights with target ¢ on Child*(Q)
assign the weight a to every R € Outer*(Q), the weight v to Q*, and the weight 3 to

every other R € Inner*(Q), where (/3,7) is given by Lemma [5.3| with ny,, = #Outer”(Q)
and ny, = #lnner”(Q). By (5.1)), the Type I weights sum to 1.

Lemmal5.3|applies in Definition 5.4} Indeed, nou+nin = #Child*(Q) < Cxa? < N,, and
nin > Cx'ad by . Hence t < to(a) < log, i, and ny, > 2 since Cy 'a? > Cx b7 > 1
by . Thus, « is the common outer weight, 3 is the weight of a noncentral inner child,
and v is the central weight; see the top left panel of Figure [5.1. The outer weight « is
fixed across parents, intermediate levels, and targets, whereas § and + depend on the
numbers of inner and outer children, on the ratio a, and on the target. Type I weights
have the form of the weights in [BS25 Definition 5.4], with a in place of b.

Remark 5.5 (properties of Type I weights). Let p be the Type I weights with target ¢ on
Child*(Q) as in Definition . Then } pccpigr(q) P(£) log,(1/p(R)) =, and p depends
continuously on ¢ by Lemma [5.3] Since the number of children is at most N,, every
weight of p is at least kg, uniformly over parents, intermediate levels, and targets, where
ko depends only on X, b, and t,;,. The central child Q¥ receives weight at least 1/(2N,).
By Lemma [3.4] every R € Child*(Q) with gap(R, X\ Q) < 9side R belongs to Outer*(Q),
and hence receives the weight «;, which depends neither on ¢ nor on ¢ nor on ¢.

Lemma 5.6 (Type II weights). Let ¢ < (' be integers with £ > 0, let P € A}, let D(P)
be the set of cubes in A}, contained in P, and put L := 74/7p. Put

B(P):={R € D(P):gap(R,X\ P) <7/5}.

There is a unique function pp : D(P) — (0,1] with Y pcppypp(R) = 1 and a unique
number Ap > 0 such that

(53) pr(R) = - forall Re BP), pr(R) = p L) for att R € DP)\ B(P).

2D, 31 " u(P)
Moreover,
(5.4) K 'L <pp(R)< KL% forall R € D(P),
1
(5.5) >, (R =g

ReD(P)\B(P)
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We call pp the Type 11 weights on D(P).

Proof. Since L > b > 47, every R € D(P) that meets B(zp,7,/20) has diam R <
2.47y/L < 371,/20 and lies in B(xp,7¢/5). Because U(zp,27,/5) C P, such a cube satisfies
gap(R, X\ P) > 7,/5 and does not belong to B(P). By (3.4)),

v(R) _ v(B(xp,7,/20)) ~194-4
1z > v(P) - v(B(zp, Cye)) S

ReD(P)\B(P)

By (3.5), #B(P) < D,37L%, and the cubes in B(P) receive total weight at most 1/2 in
(5.3). Hence the values of pp sum to 1 for a unique Ap, which satisfies 1/2 < A\p < D,249,

and ((5.5)) holds. By (3.6]),

q

5D 3 < pp(R) < D?721L" %= KL% for all R € D(P).

It remains to check that 2D,37 < K, which follows from D,49 > 2. Fix distinct points
x,y € Xand put d := |x—y|. The balls B(x,d/3) and B(y, d/3) are disjoint and contained
in B(z,4d/3), and v(B(x,4d/3)) < C,D,(4d/3)? even when 4d/3 > diam X, because then
B(z,4d/3) = B(z,diam X). Hence 2C,(d/3)? < C,D,(4d/3)". O

Type II weights are not in general equal, nor are they the normalized background masses
v(R)/v(P): in the boundary collar B(P) they are given by a common formula, and on the
remaining descendants they are proportional to v(R)/v(P). The property that we use is
, which says that every weight is comparable to the background scale L™¢, with con-
stants that do not depend on L. In particular, the entropy ZRep(P) pp(R)log(1/pp(R))
lies within log K of qlog L. Hence the entropy normalized by log L is close to ¢ when L
is large. Unlike for Type I weights, the lower bound on an individual Type II weight is
relative to L™9, and L may be arbitrarily large. See Figure [5.1]

5.3. Construction. We first describe the recursive mass assignment in terms of the pa-
rameters V) and tp. Lemmal5.9|will choose these parameters so that the resulting measure
s has target entropies s = (si)x>1 in the original generations.

Definition 5.7 (doubling measures with prescribed entropy). Let 0 < tin < ¢/2. Given
integers 1 < V! <V}, for all k > 1 and targets tp with tyin < tp < to(ag) for all P € Ay
and k£ > 1, we distribute mass as follows.

(1) Declare us(Q) := v(Q) for all Q € Ay and k < 0.

(2) Let k > 1 and P € Ay_y. For every intermediate level ¢ with 0y < £ < {1 + V]
and every @@ € Aj ; contained in P, declare us(R) := p(R)us(Q) for all R €
Child*(Q), where p denotes the Type I weights with target ¢p.

(3) If V! < Vj, then for every @ € Azk_ﬁvk, contained in a cube P € A,_q, declare
ps(R) == po(R)us(Q) for all R € Ay contained in (), where pgy denotes the Type
IT weights of Lemma [5.6 with £ = ¢, 1 + V/ and ¢' = (.

By Lemma below, these masses are the values of a Radon measure s on X.

Definition prescribes masses only at some of the intermediate levels, which we call
effective. The set £ of effective levels of a weight assignment consists of all integers £ < 0
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and, for every k > 1, the levels ¢ with (1 < ¢ < {1 + V], together with ¢;,. When
Vil < Vi, the levels strictly between ¢;,_; + V) and ¢}, are not effective; these are the levels
skipped by the Type II transition, shown as hollow dots in Figure [5.1. For e € &, let
e~ be the largest element of £ less than e, i.e. the index of the previous effective level.
For R € A}, we call the cube RT € A*_ containing R the effective parent of R. In this

e’

notation, Definition says that
(5.6) pis(R) = p(R) us(R"™)  for all R € A and e € £ with e > 1.

Here, if £ > 1 is the integer with /;_; < e < i, then p denotes the Type I weights on
Child*(R™) when e < ¢;,_; + V/, and the Type IT weights on the cubes in A, contained in
R"™ when e = 4 and V// < V4. Thus, the ratio side R"/side R is a; at a Type I transition

_Vlé

and axk at a Type II transition, and the latter may be large.

Lemma 5.8 (existence). The masses in Deﬁnz’tion are the values of a Radon measure
s on X, and ps(0Q) = 0 for every cube Q € AX with e € E.

Proof. Since X is complete and Ahlfors regular, X is proper. Let 0 = ey < e; < ey < - -+
enumerate the nonnegative effective levels. The inner balls of the cubes in A} are pairwise
disjoint, have radius ¢,7,, and every cube has diameter at most 2C,7,,. By , (A;)izo
is a sequence of nested partitions. By construction, the masses form a mass distribution
for this sequence. We verify the hypothesis of Corollary with n = 1/(2N,). Let
P e A7.. Suppose first that the masses of the cubes in A;H contained in P are given
by Type I weights. Put Z(P) := {P*}. By Lemma , gap(P+, X\ P) > 9side P+, and
by Remark , ps(PY) > pug(P)/(2N,) > 1 us(P). Suppose instead that the masses are
given by Type II weights. Put Z(P) := D(P)\ B(P). By the definition of B(P) and (5.5)),
gap(UZ(P), X\ P) > 7, /5 and gz py ps(R) = ps(P)/2. Corollary and Theorem
complete the proof for the cubes in A¥ with e > 0. For e < 0, the mass v(Q) of a
cube ) € A} is the sum of masses of the cubes in A contained in @), and @) is contained
in a union of the boundaries of the finitely many cubes in Ay contained in ). O

It remains to choose the parameters so that every parent in A,_; has the same pre-
scribed entropy between generations k£ — 1 and k. We use the number of Type I steps to
select an interval of entropies attainable for every parent, and then adjust the target tp
within each parent to obtain the desired value.

Lemma 5.9 (entropy allocation). Let k > 1 and let 0 < ty;, < q/2. For every s with
(57) tmin S S S q— loggk C1ent7

there is an integer 1 < V! < Vi and, for every P € Ay_1, a target tp € [tmin, to(ag)] such
that the masses of the cubes in A given by Definition satisfy

ps(RR) o ps(P)
) ReChild(P) ps(P) ! B ps(R)

The interval (5.7) is nonempty.

=s forall Pe Ay_q.
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Proof. Put a := ay, V := Vi, and ty := ty(a). For P € Ay_1, let H(P) be the left side
of multiplied by log&,. Suppose that 1 < V’/ < V and that all Type I weights
below P have target t. Grouping the cubes in Child(P) according to their ancestors in
the intermediate levels gives

MS(Q)
MS<P)

where () ranges over the cubes in A7, contained in P, and the sum is absent when
V' = V. Here pg denotes the Type II weights of Lemma on the set D(Q) of cubes in
Ay contained in (), and

H(P) = Vitloga+ 3 29 (),
Q

1
Hy(Q) := RE;Q)PQ(R) log m-

By (5.4) with L = a"~"", each Hy(Q) lies in
[q(V =V loga —log K, q(V — V') loga + log K].

By Remark H(P) depends continuously on t. Put I(V) := [Viumloga, Vitglogal,
and for 1 < V' <V, put

I(V') = [(V'tmin + (V = V')g) loga + log K, (V'tg+ (V — V')g) loga — log K|.

For V! < V| the margins of log K allow for the variation in the Type II contribution. At
t = tmin, the value of H(P) is at most the left endpoint of I(V’), and at t = ¢, it is at
least the right endpoint. Thus, by continuity, every n € I(V") is attained for every parent
P, using a target ¢ € [tuyin, to] that may depend on P. The same conclusion holds for
I(V), where no Type II contribution is present.

Since log, Cx < logy Ceny < q/4 by and tmin < q/2, we have tg — tyin > q/4. Hence

V'(to — tmin) loga > %logb > 1og Cont = log Cx +2log K for all V' > 1.

This inequality implies that each (V") is nonempty and min [ (V') < max I(V'+1) for all
1 < V' < V. Moreover, min I(V') = ty, log & and max I(1) > glog & — log Cx — log K.
Thus, the union of intervals I(V') with 1 < V' <V contains [ty log &, qlog & —10g Cen.
Given s in (5.7)), let V/ be the largest V' with slog& € I(V’), and for every P € Ay,
choose tp with H(P) = slog&. This gives (5.8).

The interval is nonempty, because loggk Cont < 10gy, Cont < q/4 < q — timin. ]

The integer V/ in Lemma is the same for all parents in the k-th generation, although
the target tp may depend on P. Hence the effective levels, and with them the common
boundary factors in the proof of Lemma[5.10] below, are the same for neighboring parents,
while the targets tp adjust the entropy at every parent to exactly s;. Choosing s in (5.7
for every k > 1 and applying Lemma [5.9 at every generation, we obtain a measure pus
given by Definition with target entropies s = (si)r>1 in the sense of Definition .
Every cube has positive and finite mass, and us has full support. Its local dimensions are

given by Theorem [4.9]
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common effective parent in A:,
1

ReAr SeAr

FIGURE 5.2. The comparison step in the proof of Lemma(5.10| when e; > 1.
The ancestors of R (blue) and S (teal) first differ at the level ey, inside a
common effective parent. At every effective level ¢/ with e; < €’ < e™, both
ancestors lie near the boundaries of their parents and receive the common
boundary factor w.. Other children and the exact ratios of side lengths are
omitted.

5.4. Doubling and dimensions.

Lemma 5.10 (doubling). Every measure given by Definition satisfies (1.9) with
Dgp, := D?307 K2, where K, := max{k, ", K?}.

Proof. Let €, e~, and R" be as defined before Lemma. By (5.6)), the ratio us(R)/us(RT)
is the weight assigned to R by Type I or Type IT weights on the descendants of R in A*.
We record two properties, valid for all e € £ with e > 1.

(a) There is m, > 0 such that m, < ps(R)/us(R") < K,m, for all R € A},
(b) There is w, > 0, the common boundary factor, such that us(R) = w, us(R") for
all R € A} with gap(R, X\ R™) < 9side R.
For Type I weights, (a) holds with m, = kg, and (b) holds with w, = a, by Remark [5.5]
For Type IT weights, put L := side R"/side R > 47. Then (a) holds with m, = K~'L~7 by
(5-4). Moreover, (b) holds with w, = L™7/(2D,37), because 9side R < side R"/5 places
R in B(R™).
Let + € X and » > 0. If B(z,r) = X, there is nothing to prove. Assume that
B(z,r) # X. In particular, r < diamX. If a cube S € A} is contained in B(z,r), then
Us # X, and gives C,(21,/5)? < C,D,r?. Hence there is a least e € £ such that

some cube in A} is contained in B(x,r). Put o := 7,
IT:={SeA’:SCB(zr)}, and O:={ReA}:RNB(z,2r)#0}
No cube in O equals X, because Z is nonempty and B(z,r) # X.
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The inner balls of the cubes in O are pairwise disjoint and lie in B(x,2r 4 2.40). Hence
#O < D,((2r + 2.40)/(0.40))?. If r > 4.80, then every cube in A’ meeting B(z,r/2)
belongs to Z, and #Z > D, '(r/(2.40))4. If r < 4.80, then #Z > 1. In both cases,

(5.9) #0O < D2 307 #T.

We claim that pug(R) < K2 ug(S) forall R€ O and S € Z. If e < 0, then us = v on AZ,
and (3.4) gives us(R) < D,3%u4(S) < K, us(S). Suppose that e > 1, and put R := R"
and S := ST. By the minimality of e, the cube in A*_ containing = is not contained in
B(z,r), and hence r < 2Cy7.-. Since R and S both meet B(z, 2r),

gap(R, S) < 4r < 8Cy7,- < 97—

For every ¢ € £ with ¢ < e, let R. and S. be the cubes in A%, containing R and
S, respectlvely Suppose that R # S (see Figure |5 . By Remark |3.3, there is a least
e; € £ with Re1 + 5’61 Put ey := max{e;,0}. If e; > 1, then R61 and S61 are contained
in the same cube in A:;, and (a) gives ps(Re,) < K, ps(Se,). If e; < 0, then

gives ps(Ro) < D,3%s(Sp). In both cases, ps(Re,) < K, jis(S.,). Now let ¢/ € £ with
ey < € <e . Then S is disjoint from R, and
gap(Re, X\ ﬁ(e,),) < gap(R, S) < 97,- < 9side R,

By (b), is(Re ) = W ,LLS( (- ), and the same identity holds with S in place of R. Tt fol-
lows that us(R )/us( e2) = 115(S)/ p1s(Se, ), and hence pg(R) < K, jis(S). This inequality
also holds when R = S. By (a),

ps(R) < Kum, NS(R) < Kfme NS(S) < Kf ps(S),

as claimed.
Putting it all together, by (5.9) and the previous displayed equation,

2 .
ps(B(,2r)) < ) ps(R) < O K2 min 1g(S)
ReO
< D2307 K2 " pe(S) < D230Y K7 pg(B(a, 7). O
SezZ

We can now prove an existence theorem for doubling measures with prescribed lower
and upper Hausdorff and packing dimensions. Theorem extends [BS25, Theorem 5.7]
and establishes [BS25, Conjecture 5.8] in the affirmative.

Theorem 5.11. Let X be a complete Ahlfors q-reqular metric space. Suppose
0<d, <d <gq, 0<D,<D"<gq, d, < D,, d* < D*.

Then there is a doubling measure p on X with full support such that

(5.10) dim i = d,, dimgp = d*, dimpp = D,, dimpp = D*.

The constant Dgy, in (1.9) for p depends only on X, d,, and d*. In particular, if d, = d* =
sy and D, = D* = sp, then u has lower local dimension sy and upper local dimension
sp at p-a.e. point, and Dy, depends only on X and sg.
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Proof. We first construct, for given 0 < sy < sp < ¢, a doubling measure with full
support whose lower and upper local dimensions are sy and sp at almost every point.
Put ¢ := min{sy, ¢/2}, choose b > max{47,Cx}, depending only on X and sy, such
that log, Cens < (¢ — sg)/4 if sy < ¢, and let (Ag)rez be a system of b-adic cubes with
sparse jumps and intermediate levels. If sy < ¢, alternate increasingly long blocks of
generations with values s, = sy and s = min{sp, ¢ — 2log;, Cenc}. If sy = ¢, put
Sp = q— 210g§}c Cent for all £ > 1. Every value of s, lies in . Since logék Cent — 0, the
blocks may be chosen so that A, (s) has lower limit sy and upper limit sp. By Lemma
5.9 there is a measure pis given by Definition [5.7 with target entropies s = (sj)>1. Every
cube has positive mass, and ps has full support. By Lemma [5.10] and Theorem T
satisfies with Dy, depending only on X and sy, and us has lower local dimension sy
and upper local dimension sp at ug-a.e. point.

If d, =d* = sy and D, = D* = sp, then the measure p := pg of the first paragraph
satisfies by the theorem of Tamashiro recalled in .

In general, let pq and po be the measures of the first paragraph with (sg, sp) = (d., D)
and (sy,sp) = (d*, D*), respectively. Then the measure u := py + po has full support
and satisfies with Dy, equal to the larger of the constants for p; and ps. The
lower dimensions of a finite sum of measures are the minima of the corresponding lower
dimensions of the summands, while the upper dimensions are the maxima. This gives

(5.10)). O

6. UPPER ENDPOINTS: Sp =m OR Sp = ¢

In this section, we treat the upper endpoints under the standing assumption sy > 0.
We first dispose of the cases covered by Corollary [1.2 Suppose

m—1<sp<m.

Theorem [5.11| with d, = d* = sy and D, = D* = sp supplies a full-support doubling
measure with lower local dimension sy and upper local dimension sp. Corollary
makes this measure m-rectifiable, and Remark makes it purely (m — 1)-unrectifiable,
because sp > m — 1. This includes the endpoint sp = ¢ < m. Consequently, the only
upper-endpoint assertion requiring an additional rectifiability argument is sp = m < q.
Both cases m < ¢ and m = ¢ rely on the rectifiability criterion in §6.1 When m < g,
a fixed ratio b already allows target entropies up to m, and we use b-adic cubes without
jumps. When m = ¢, the target entropies must approach ¢, and we use b-adic cubes with
sparse jumps; see Challenge 1 in the introduction.

6.1. A criterion for rectifiability. On a block of generations on which the ratio & is
constant, we retain the descendants whose masses are not much smaller than the target
entropies predict. The second-moment estimate shows that these descendants carry most
of the mass, while the lower bound on each retained mass controls their number.

Lemma 6.1 (good descendants). Let us be a Radon measure on X with target entropies
(sk)k>1, and let Cysy be the constant in Lemma . Let k>0, let Q € Ay, letn>1 be
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an integer, and suppose that &1 = Ekro = -+ - = Epun. For d >0, put

Go(n,0) := {R € Child"(Q) : log,, ., ngg; < Zsk+i + 5n} :
s i=1

Then
(6.1) e (UGatrn0)) = (1- 52 (@),

(6.2) #gQ(n’ 5) S 5162_511:1 Sk+i+5n'

Proof. Let Xj be given by [@.6). For z € @, we have logs, | (1s(Q)/pis(Qrin())) =
Yo Xpri(x). Put Y := Xpyy — Sppq for 1 <@ < n. Let 1 < i < j <n. The function
Y; is constant on every cube in A,,;, and hence on every P € Childj’l(Q). By ,
[»Yjdus = 0 for every such P. Summing over P € Child’'(Q) gives fQ Y;Ydps =
0. Similarly, Lemma and a sum over P € Child"'(Q) give fQ V2 dus < Coarpis(Q)-
Expanding the square, we obtain

n 2 n
/ ZY:L dﬂs = Z/ Y;'Q d,us < C(vamn Ms(Q)
@ \i=1 i=1 7@
Chebyshev’s inequality gives
= Cvar
Hs {1‘ €Q: ZYZ(x) > 5”} < 52n 1s(Q).
i=1

Every other point of @ lies in a cube in Gg(n,d), which proves (6.1). If R € Gg(n,d),
then

=50 Skii—On
o(R) = pro(@Q) .57
Summing this inequality over the pairwise disjoint good descendants gives (6.2]). U

Proposition 6.2 (rectifiability criterion). Let m < q be a positive integer, and let s be
a Radon measure on X with target entropies (si)g>1. If there is co > 0 such that

(6.3) m — Sp > for all sufficiently large k,

log, k
then us s m-rectifiable.

Proposition [6.2] applies to both systems of cubes in Convention [£.1] In both systems,
& < k for all sufficiently large k. Hence holds, in particular, when (m — s;)log, &
is bounded below by a positive constant. The proof uses only through the deficit
accumulated over long blocks of consecutive generations; we have not tried to optimize
the rate 1/log, k.

Proof. Fix 0 < # < 1. We find an integer hy > 3 such that every cube @ € Ayn,—1 contains
a set of measure at least Ous((Q)) that is contained in a Lipschitz image of a compact subset
of [0,1]™. This set will be the set of leaves of a tree that retains good descendants at
the end of every block in a partition of the generations after 2"0~!. We choose the blocks
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212h/3] jump 2[2(h+1)/3]
— ' —_——
S 8 N B /YR | | —
Hy = {2t <k < 2h} Hpq = {2" < k < 2hF1}

FI1GURE 6.1. The blocks of generations in the proof of Proposition [6.2
drawn to scale for h = 9, so that Hj, and Hj,, contain four blocks each.
For a system with sparse jumps, Hj, is the h-th plateau, and the vertical
line marks the jump at the generation 2" 4 1.

long enough that the total mass discarded over all blocks is small. At the same time,
each block must be short relative to the preceding generations, so that the entropy deficit
accumulated earlier dominates the number of descendants created in the current block.
The following choices satisfy both requirements.

For every integer h > 1, put H, = {k € Z : 2" < k < 2"}, If h > 3, then
[2h/3] < h — 1, and we divide Hj, into 2/—1=120/31 < 2#/3-1 blocks of 2[?"/31 consecutive
generations. Let Jy, Ji, Jo,... be the blocks contained in the sets Hy, with h > hyg, listed
in increasing order; see Figure[6.1] For every block J, let h; be the integer with J C H,,
and put k; := minJ — 1. Thus, ky, = 2"~! and k,,,, = maxJ; for all j > 0. For a
system with sparse jumps, Hy, is the h-th plateau when h > 2 (Remark . Hence & is
constant on every block J for both systems of cubes, with a value &; < bh;. Since the
blocks preceding J; lie in the sets Hj with b’ < hy,

hyj

(6.4) J< Y oM <3 9" forall j > 0.
h'=1

We next show that, if by is sufficiently large, then

colJ|

(65) > (m—si)logy & — 27| | logy & =

keJ

for every block J.

Let J be a block, put h := hy, and let k € J. Then log, k < h. If hy is sufficiently large,
then and log, & > logy b > 1 give (m—sy) logy & > co/h. Since log, &5 < log,(bh), it
follows that holds whenever 27"/121og, (bh) < cy/(2h), which is true for all sufficiently
large h.

To build the tree, let J be a block and let P € Ay,. Since §;, = &, for all k € J, Lemma
applies with k = k;, n = |J|, and § = 27"//12; we write G;(P) for the resulting set of
good descendants of P in Ay, . Since |J| > 220//3, and give

us<UgJ(P)> > (1= Cour2 ™) ug(P)  and

log, #G,(P) <) splog, & +27"7/1%|.]|log, &;.
keJ

(6.6)
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Every set Hj, contains at most 2"/~ blocks. Hence

[eS) C 00

—hy. /2 var —h/6
Z C’va1“2 7 S 9 Z 2 5
j=0 h=hgo

and we choose hq sufficiently large that the right side is at most 1 — 6 and (6.5 holds.
Fix @ € Ag,, and build a tree 7 by putting 7o = {Q} and, recursively,

Childr(P) := G;,(P) for all P € T; and j > 0.

Thus, 7; C Aij for all 7 > 0. By the choice of hg, we have Coar2 /%2 < 1 for every block

J. Hence every cube in 7 has a child in 7, by . Since the cubes in 7; are pairwise
disjoint and contained in @, also gives

m(UTAUT) € €™ (@) forall j >0,
Summing over j and using continuity from above, we obtain
(6.7) ps(Leaves(T)) > Ous(Q).
;]

It remains to verify (2.8). Let N, and D; be as in Theorem , and put R; = ¢ 5
which is the ratio of the side lengths of the cubes in 7; and 7;;;. Then D; < ZCbrij =

2Cyre,, [Lic; R;'. Since [2] < 2z for all x > 1,

J 1/m
1/m 1/m 2N7, .
(6.8) (l HNZ-/ W) DjSQCb'rkJOQNj/ | |T for all j > 0.

i=0 i<j '

By and (6.5),
oN/m 1 _
g =1, (Z(m — 5¢) logy & — 27:/12|J;| log, 5‘”)

i m
keJ;

<1 Sl
B 2thZ

By (8.5), N; < D,3R{. Hence log2(2Nj1/m) < 1+m ogy(D,3%) 4 (q/m)|J;|log,y(bh, ).
Now let j > 0 with h := h;, > hg. Every block in Hj,_; precedes J;, and these blocks
have total length 2"~2. Keeping only these blocks in the sum over i < j and using
and |J;| < 22h+2/3 we find that the base-2 logarithm of the left side of is at most
oh/3 4 4 9(2ht2)/3 _a 2
C+3-2 +m2 log, (bh) s
where C' := logy(2Cyry, ) + 14 m~'logy(D,37) does not depend on j. This is at most
—h when h is sufficiently large. Since every Hj contains at most 2*/3~1 blocks, the series
(2.8)) converges.

Since X is proper, the closure of () is compact. By Theorem , Leaves(7) is contained
in a Lipschitz image of a compact subset of [0, 1]™. Now let @y € Ag. The cube @y is the
union of finitely many cubes @ € Ay, , and by , the union Fjy of the corresponding
Lipschitz images satisfies ps(Qo \ Fy) < (1 —0)us(Qo). Applying this with 6 = 1 —1/i for

for all 7 > 0.
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all © > 2, we cover ug-almost all of )y by countably many Lipschitz images of compact
subsets of [0, 1]™. Since Ay is countable, us is m-rectifiable. O

6.2. The case sp = m < q. Put ty;, = sy/2. Choose target entropies (sg)i>1 C
[t min, m) with

(6.9) liminf A, (s) = sg, limsup A, (s) = m, and
n—00 n—o0
(6.10) for all sufficiently large k.

s>
TR = oy (k + 4)

If sy = m, take sp = m — 1/logy(k + 4) for all & > 1. Otherwise, alternate blocks on
which s, = sy with blocks on which s, = m — 1/log,(k + 4), choosing the j-th pair of
blocks long enough that the values of A, (s) at the right endpoints of its two blocks are
within 1/j of sy and m, respectively.

Every target lies in [tyin, m), because m—1/logy(k+4) > m/2 > sy /2 for all k > 0. To
choose b independently of m, note that ¢ —m > ¢+ 1— [¢] > 0, since m is an integer and
m < q. Choose b > max{47, Cx}, depending only on X, such that log, Cey < min{q/4, ¢+
1 — [ql}, where Cypy is the constant in . Then tyin < sp < m < q — logy Cent-

Let (Ag)gez be a system of b-adic cubes without jumps, with the convention of §,
and let g be given by Definition with target entropies (sx)g>1. Such a measure exists
by Lemma [5.9 Every cube has positive mass, and pus has full support. By Lemma [5.10
and Theorem , [ts satisfies with Dy, depending only on X and sy, and pug has
lower local dimension sy and upper local dimension m at ps-a.e. point.

Since the upper local dimension of g is m > m — 1 at us-a.e. point, Remark shows
that us is purely (m — 1)-unrectifiable. Since log,(k + 4) < 2log, k for all k£ > 3,
implies with ¢y = 1/2. By Proposition 6.2} us is m-rectifiable.

6.3. The case sp = m = q. Let us be the measure constructed in the first paragraph
of the proof of Theorem with sp = ¢. Thus, ug has full support, satisfies with
Dy, depending only on X and sgy, and has lower local dimension sy and upper local
dimension ¢ at ps-a.e. point. The underlying system of b-adic cubes has sparse jumps,
logy, Cent < (¢ — sm)/4 if sy < ¢, and every target entropy s; equals either ¢ — 2log,, Cey
or, when sy < q, sg.

Since Cyy > 1, each kind of generation that occurs satisfies a lower bound: generations
with s = sy < ¢ satisfy (¢ — sg)logy & > (¢ — sy)logy b > 4logy Cey, and generations
with s, = ¢ — 2logg, Ceny satisfy (¢ — si)logy § = 21logy Cene. Thus,

(6.11) (g — sk)logy & > 2logy Cepe  for all k > 1.

Since & < k for all sufficiently large k, gives ¢ — sp > 2logy Copny/ log, k for all
sufficiently large k, which is (6.3]) with m = ¢ and ¢y = 2log, Ceyy. By Proposition [6.2] ps
is g-rectifiable. Since the upper local dimension of ug is ¢ = m > m — 1 at us-a.e. point,
Remark 2.2 shows that pus is purely (m — 1)-unrectifiable. This completes the proof of the
upper-endpoint assertions of Theorem when sy > 0.
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7. LOWER ENDPOINT: sp =m — 1

We continue under the standing assumption sy > 0. Since 0 < sy < sp =m — 1, we
have m > 2. We use the measures of Definition [5.7] on a system of b-adic cubes without
jumps, with the convention of §. In this case, V, = V/ = 1 for all k > 1, every
generation is an intermediate level, and the masses of the children of every cube are given
by Type I weights. Moreover, once holds with sp = m —1 < m, Corollary shows
that the measure is m-rectifiable. Thus, the remaining task is to prove that the measure
is purely (m — 1)-unrectifiable.

We choose target entropies whose averages A, (s) have upper limit m — 1, but exceed
m—1 by at least n~'/4 along a sequence of generations n. The cumulative excess n(A,(s)—
(m — 1)) > n%* is then large enough to outweigh the fluctuations of the measure and to
make the lower (m — 1)-density vanish.

Lemma 7.1 (target entropies at the lower endpoint). Let m > 2 be an integer with
m—1<gq, and let 0 < a <m — 1. There are an integer jo > 1, a sequence s = (si)r>1

in [a,(m — 1+ q)/2] with infy, s, = a, and integers nj, < njo41 < --- such that
(7.1) liminf A,,(s) = a, limsup A,,(s) =m — 1, and

n—00 n—00
(7.2) Ap(s) >m—1+ n;1/4 for all j > jo.

Proof. Put u := (m—1+¢q)/2. Choose jo > 1 with 1/jy < u— (m — 1), and construct the
sequence in stages j > jo, starting from the empty sequence. At stage j, first append the
value a until the current length n is at least j* and A, (s) < a+1/j. Then append the value
u at least once, until the first index n; for which A, (s) > m —1+1/j. This index exists
because u > m—1+1/j. Since A, _1(s) < m—1+1/j, we have A, (s) < m—1+1/j+u/n;.
Since n; > j*, we have A, (s) >m—1+1/j >m—1+ n;1/4, which is (7.2). Then
proceed to stage 7 + 1.

The averages A, (s) do not increase while the value a is appended, and they do not
decrease while the value u is appended. Hence their upper limit is the limit of their values
at the indices n;, which is m — 1. Their lower limit is a, because every term is at least a
and the averages at the ends of the low blocks are at most a + 1/7. ([l

Figure shows one run of the construction in the case a < m — 1.
The next lemma converts ([7.2)) into vanishing lower (m — 1)-density.

Lemma 7.2 (vanishing lower density). Let m > 2 be an integer and let 0 < tpm < q/2.
Let g be given by Definition on a system of b-adic cubes without jumps, with the
convention of and with target entropies s = (Sg)k>1. Suppose that for some integer
Jo = 1 and integers nj, < nj1 <---,

(7.3) Ap(s) >m—1+ nj_l/4 for all j > jo.
Then

s(Bl(z,
(7.4) lim inf #s(B(z, 1)

L — =0 atps-ae xzeX
r r
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Running average: A, (s)

1.5 Jj=3 j=4 |

Jj=5 j=6 =7

Normalized excess: n'/4(A,(s) — (m — 1))

109 10! 102 103 10% 10° 106

n

FIGURE 7.1. The construction in the proof of Lemma with a = 0.5,
m = 2, and ¢ = 2, for which v = 1.5 and j, = 3, shown for the stages
3 < j < 7. Top: the averages fall to at most a + 1/5 on each low block and
first reach m — 1+ 1/j at the marked times n;. Bottom: the normalized
excess is at least 1 at every n;.

Proof. Fix Qo € Ag, normalize pus(Qp) = 1, and use the notation introduced after Def-
inition By Remark [5.5 every child has mass at least ko times the mass of its
parent. Hence 0 < X < log,ky'. Since 0 < s, < ¢ + 1 by Lemma , the sums

= > o (X} — s;) form a martingale with respect to (.%,),>0 whose increments are
bounded by L := ¢+ 1+1log, kg '. Azuma’s inequality (see e.g. [CLOG, top of p. 96]) gives
2

212%n

Let j > jo. By (7.3 . Sl sk > (m —1)nj+n?/4. Hence (7.5) with n =n; and t = 1 5 3/4
gives

(7.5) P{M, < —t} <exp (— ) for allt > 0 and n > 1.

i) 1/2
n;
P{E X < (m— Ln; + 1n3/4} <P{M, <—in)"} <exp (——SJLQ> .

The right side is summable over j > jo, because the integers n; are distinct. By the

Borel-Cantelli lemma, at ps-a.e. x € Qg, we have ZZ 1 Xk( ) > (m—1)n; + 1n3/4
sufficiently large j. Since pg(Q,(z)) = b~ Xk=1 Xk(®) by ([@.11)), it follows that

) Ns(@nj (l’))

(7.6) Jii

Let x € Qo and n > 0, and put @ := Q,(z). Then B(z,b™") C B(zq, (Cy, + 1)b7")

and B(zg, %cbb_”) C Q. Since ¢, > 2/5 and C, < 6/5, we have C, + 1 < 8¢, and four

for all

=0 at ps-a.e. x € Q.
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applications of (T.9), which holds by Lemma [5.10] give us(B(x,b™)) < D3, us(Qn()).
Together with ([7.6]), this yields

(B b™)
j—roo (b‘”]’)mfl

which implies (7.4]) at ps-a.e. © € Qo. Since Aq is countable, (7.4)) holds at ps-a.e. x €
X. ]

=0 at us-a.e. r € Q,

We can now complete the proof of Theorem at the lower endpoint.

Proof of Theorem[1.3 when sp =m — 1 and sg > 0. Let jo, s = (sg)k>1, and (n;);>j, be
given by Lemma [7.1| with a = sgy. Then sy < s < (m —1+¢)/2 for all kK > 1. Put
tmin := min{sy, ¢/2}. To choose b independently of m, note that g—m+1 > ¢+1—[q]| > 0,
since m — 1 is an integer and m — 1 < ¢. Choose b > max{47, Cx}, depending only on X,
such that log, Ceny < min{g/4, (¢ +1 — [q])/2}, with Cey as in (4.1). Then

tmin < sk <qg—(g—m+1)/2 < q—log,Cey forall k> 1.

Let (Ay)kez be a system of b-adic cubes without jumps, with the convention of §5.1]
and let us be given by Definition with target entropies s, which exists by Lemma
5.9, Every cube has positive mass, and us has full support. By Lemma [5.10, Theorem
, and , s satisfies with Dgp depending only on X and sy, and pug has lower

local dimension sy and upper local dimension m — 1 at ug-a.e. point. Since m — 1 < m,
Corollary [1.2| shows that us is m-rectifiable. By (7.2) and Lemma the lower (m — 1)-
density of s vanishes at pg-a.e. point. Hence pg is purely (m — 1)-unrectifiable by Remark
2.2 U

8. ZERO LOWER LOCAL DIMENSION: sy =0

It remains to prove Theorem [1.3] when sy = 0. We treat this case separately, because
the theorem does not ask for the measure to be doubling. This removes the only reason to
keep the child weights uniformly away from zero. We therefore use the central weights of
Definition [4.4] whose target entropies may tend to zero, and which require no intermediate
levels. When sp < ¢, we use b-adic cubes without jumps, and when sp = ¢, we use b-adic
cubes with sparse jumps.

8.1. Fixed scaling ratio. In this subsection, sp < ¢q. Put ug := (sp + ¢)/2, choose
b > max{47, Cx} such that log, Cene < min{q/4, (¢ —sp)/2}, and let (Ag)rez be a system
of b-adic cubes without jumps. Then uy < ¢—log, Ceyt, and every target in (0, ug] satisfies
. Given target entropies 0 < s < ug, let us be given by Definition . By Lemma
ﬁ, ps is a Radon measure with full support and target entropies s = (sx)x>1. By Theorem
, the lower and upper local dimensions of s are the lower and upper limits of A, (s)
at us-a.e. point.

If m —1 < sp < m, alternate sufficiently long blocks on which s, = min{ug, 1/k} with
blocks on which s = sp. Then liminf, A,(s) = 0 and limsup,, A,(s) = sp. Corollary
[1.2) gives m-rectifiability, and Remark gives pure (m — 1)-unrectifiability, because
sp>m—1.



40 MATTHEW BADGER

If sp = m < g, alternate sufficiently long blocks on which s, = 1/log,(k+4) with blocks
on which sy = m — 1/logy(k 4+ 4). Then liminf,, A, (s) = 0 and limsup,, A,(s) = m, and
m — sy > 1/log,(k + 4) for all k. As in §6.2] holds with ¢ = 1/2. By Proposition
6.2 ps is m-rectifiable, and by Remark 2.2} it is purely (m — 1)-unrectifiable, because
sp>m— L.

It remains, among the cases with sp < ¢, to treat sp = m — 1. Suppose first that
m > 2. Two changes are needed in the argument of Lemma [7.2] First, the functions
Xy — s, need no longer be uniformly bounded. In place of Azuma’s inequality, we use
the second-moment estimate of Lemma [4.7] and Chebyshev’s inequality along a sequence
of generations for which the resulting bounds are summable. Second, to pass from cubes
to balls without doubling, after every generation n; at which A, (s) exceeds m — 1 by at

least nj_l/ 4, we insert one generation of very low entropy. We choose this entropy so that
the proportions of mass outside the central children are summable in 5. Every point in
the central child of a cube @ € A, is the center of a ball of radius 9=+ contained
in (), which lets us transfer the small masses of cubes to small masses of balls at almost
every point.

Lemma 8.1 (vanishing lower density without doubling). Let m > 2 be an integer, let
(Ag)kez be a system of b-adic cubes without jumps, and let us be given by Definition
with target entropies s = (Sg)k>1. Suppose that for some integer jo > 1 and integers
Njo < Mjo+1 < *°

(8.1) Apj(s) >m—1+ n;1/4 for all j > jo,
(8.2) an_l/Q < 00, and
J=jo
(8.3) (@) > (1= 279)us(Q)  for all Q € Ay, and j > jo.
Then
s(Bl(z,
(8.4) limﬁ)nf M =0 atps-a.e. veX
T rm-—

Proof. Fix Qy € Ay, normalize ps(Qo) = 1, and use the notation introduced after Defini-
tion [£.2] Put Y} := X — s. As in the proof of Lemma [6.1] the functions Y}, are pairwise
orthogonal on @)y, and Lemma 4.7| gives

E(i}@)z - i]E(Y,f) < Cyun forall > 1.
k=1 k=1

Let j > jo. By (1)), Y02, sk > (m — 1)n; + n?/4, and Chebyshev’s inequality yields

P {ZXk < (m—1)n; + %ni’”} <P {ZYk < —%n?ﬂl} < 4Cvarnj_1/2.

k=1
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By (8.2) and the Borel-Cantelli lemma, at ps-a.e. x € Qo, we have >_,7  Xy.(x) > (m —
)n;+ %n?ﬂl for all sufficiently large j. Since jus(Qn () = b~ 2k=1 X% by [@.11)), it follows
that

(8.5) lim F(@n (*))

j—o0 b_(m_l)nj

By (8.3)), the set of » € Qo with Q,,11(7) # an(azr)i has measure at most 277. By

the Borel-Cantelli lemma again, at ps-a.e. * € Qo, we have Qp,41(z) = Qn, (z)* for all
sufficiently large j. For such x and j, Lemma gives gap(Qn,+1(2), X\ Qn,(x)) >
9b=(+1 and hence B(z, 96~ ") C Q,,, (). Therefore,

s (B, b~ (D)) (g)’"‘l s (Qu, ()

=0 at us-a.e. z € Q.

(9b—(n+1))m=1 9 p—(m=1)n;
and the right side tends to 0 as j — oo by (8.5). This proves (8.4) at ps-a.e. z € Q.
Since A is countable, (8.4)) holds at us-a.e. z € X. O

Lemma 8.2 (targets at the lower packing endpoint). Let m > 2 be an integer with
m—1<gq, and put ug := (m —14q)/2. Let (Ax)rez be a system of b-adic cubes without
Jgumps with ug < q —log, Cent. There are an integer jo > 1, target entropies 0 < s < uy,
and integers nj, < nj,41 < --- such that liminf, A, (s) = 0 and limsup,, A,(s) =m — 1,
(8.1) and hold, and the measure us given by Definition with target entropies
s = (sk)k>1 satisfies (8.3).

Proof. Choose jo > 1 with 1/jy < min{ug — (m — 1), m — 1}, and construct the sequence
in stages j > jo, starting from the empty sequence. At stage j, first append the value
1/7 until the current length n is at least j* and A,(s) < 2/j. Then append the value
up until the first index n; for which A, (s) > m — 1+ 1/j. This index exists because
ug > m—1+1/7, and it is preceded by at least one copy of uy because 2/j < m—1+1/j. By
minimality, A, (s) < m—1+1/j+ug/n;. Since n; > j*, we have A, (s) >m—1+1/j >
m—1+ n;1/4, which is (8.1). Also > nj_l/2 < 3,772, which gives (8-2).

After generation n;, append one additional target s, 11 > 0 that is smaller than ug and
than A, (s), and small enough that the number v with Ay x(v) = s,,41 satisfies v < 277
for every integer 2 < N < Cxb?. This is possible by Lemma [4.3] because only finitely
many values of N occur, and it gives by . Then proceed to stage j + 1.

The averages A,(s) do not increase while the values 1/j and the additional targets are
appended, and they do not decrease while the value ug is appended. Hence their upper
limit is the limit of their values at the indices n;, which is m — 1. Their lower limit is 0,

because all targets are positive and the averages at the ends of the low blocks are at most
2/j. OJ

When m > 2 and sp = m — 1, the number ug fixed at the beginning of this subsection
is (m — 14 ¢)/2. Let s be the target entropies of Lemma [8.2] and let us be given by
Definition 1.4, Then us has lower local dimension 0 and upper local dimension m — 1 at
ls-a.e. point, and by Lemma , the lower (m — 1)-density of ug vanishes at ps-a.e. point.
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As in §7 Corollary [1.2) and Remark [2.2 show that ps is m-rectifiable and purely (m — 1)-
unrectifiable.

[t remains to treat m = 1 and sp = 0, in which case ug = q/2. Put sy := uo when k is a
perfect square and s; := min{ug, 1/k} otherwise. The perfect squares have density zero,
and s tends to 0 along the remaining indices. Hence lim,, ,, A, (s) = 0, the measure ys
has lower and upper local dimension 0 at us-a.e. point, and Corollary shows that ps
is 1-rectifiable. To see that us has no atoms, let k£ be a perfect square and let P € Ag_;.
By , 2 < Np < Cxb?. Hence the numbers vp with hy n, (vp) = ug take only finitely
many values, and we let v, > 0 be the least of them. The central weights with target u
on Child(P) are 1 —vp <1 —w, and vp/(Np —1) < 1/Np < 1/2. Thus, us(R) < 0 us(P)
for all R € Child(P), where 6 := max{1 — v,,1/2} < 1. It follows that

ts({2}) < ps(Qn () < OV™ 1g(Qo(x)) for all z € X and n > 1.
Therefore, ps({x}) = 0 for every z € X, which is (1.7) when m = 1.

8.2. The ambient upper endpoint sp = gq. Choose b > max{47,Cx}, depending only
on X, such that holds, and let (Ag)rez be a system of b-adic cubes with sparse
jumps. Alternate sufficiently long blocks of generations with values sy = 21log,, Ceny and
sk = q — 2logg, Cent- These values are positive and satisfy , because Cyyy > 1 and
3log,, Cent < 3q/4 by . Since logg, Ceont — 0 as k — oo, the blocks may be chosen
so that A,(s) has lower limit 0 and upper limit ¢. Let ps be given by Definition [4.4]
By Lemma [4.5 and Theorem [4.9] us is a Radon measure with full support and target
entropies s = (Sg)r>1, and it has lower local dimension 0 and upper local dimension ¢ at
ls-a.e. point.

If ¢ < m, then Corollary gives m-rectifiability, and Remark gives pure (m — 1)-
unrectifiability, because ¢ > m — 1. If ¢ = m, then by the two kinds of generations
satisfy (q—si)logy &k = qlogy £ —210gy Cent > 2108y Cene and (¢ —si) logy & = 210gy Coxt,
respectively. As in §, holds with m = ¢ and ¢y = 2log, Ceps. By Proposition ,
ls is g-rectifiable. Since the upper local dimension of ug is ¢ = m > m—1 at ug-a.e. point,
Remark [2.2 shows that pg is purely (m — 1)-unrectifiable.

Completion of the proof of Theorem when sy = 0. If sp < ¢, the constructions in §8.1]
treat the cases m — 1 < sp <m, sp =m, sp =m —1> 0, and m = 1 with sp = 0. If
sp = q, the construction in treats the cases ¢ < m and ¢ = m. In every case, the
measure has full support and the required lower and upper local dimensions. Theorem
does not assert doubling when sy = 0, and the proof is complete. 0
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