SPACE-FILLING SURFACES: SHARP HOLDER CONTINUOUS
PARAMETERIZATIONS FROM SQUARES TO CUBES

MATTHEW BADGER AND KEVIN PALMER

ABSTRACT. Following a hint of Semmes, we employ Stong’s bijections between
integer lattices to construct space-filling surfaces, which are higher-dimensional
analogues of space-filling curves. For each m > 2 we build a-Hélder continuous
parameterizations f : [0,1]™ — [0,1]™%! with sharp exponent o = m/(m+1).
In particular, there exist (2/3)-Holder continuous surjections from squares to
cubes. This solves Arnold’s problem 1988-5.

1. INTRODUCTION

Can a disk be deformed continuously into a ball? How about a square into a
cube? To understand the difficulty, imagine crumpling a sheet of paper without
tearing or stretching it. The resulting map f from the paper rectangle into R? is
Lipschitz continuous with constant 1, i.e., ||f(z) — f(y)||2 < ||x — y||2 for all z and
y, because folding brings pairs of points closer together and never farther apart.
The more you compress the sheet, twisting and contorting it, the more the wad
of paper resembles the 3d region it occupies. In the limit, though, it is crushed
to a point. You might hope to recover a 3d shape by stretching the sheet back
out, but dilating at every scale uniformly costs us equicontinuity, and with it any
guarantee of a continuous limit. Thus, passing from a 2d shape to a 3d one requires
an alternative approach.

Using a powerful topological tool, one can see that there exist continuous surjec-
tions from squares to cubes. Call a space a curve if it is the image of a continuous
map of a compact interval. The Hahn—-Mazurkiewicz theorem, e.g., see [Sag94],
says that a metrizable space is a curve precisely when it is compact, connected, and
locally connected. The cube has all three of these properties, so it is a curve and
there is a continuous onto map h : [0, 1] — [0, 1]3. By composing h with a projection
7 :[0,1]? — [0,1], we obtain a continuous surjection f = hom : [0,1]*> — [0,1]3.
This settles the question of existence and nothing more. The argument offers no
control on the modulus of continuity of f, and no way to judge whether f deforms
the square into the cube optimally.

One way to measure the distortion of a map is through the Hoélder condition.
Given an exponent 0 < a < 1, we say that a map f between metric spaces is
«-Holder if there exists a constant 0 < H < oo such that

(L1) 1£(@) = FW)I| < Hllw —y|* for all & and .
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Let Hold, (f) € [0, 00] denote the infimal H such that holds, noting that f is
a-Holder if and only if Hold, (f) < co. It is easy to see that when Hold, (f) < oo,
the inequality holds with H = Hold,,(f). Moreover, a map is 0-Holder if and
only if it has bounded image, and a map that is a-Holder with positive exponent
is continuous. A 1-Hd&lder map is usually called Lipschitz. If 0 < a < g < 1,
then any B-Holder map on a bounded domain is a-Holder. Larger exponents « in
the Hoélder condition allow a map to distort distances less severely at small scales.
Thus, the supremum a* of exponents « for which there exists an a-Hdélder map
from a bounded metric space X onto a metric space Y serves as a gauge of least
possible distortion of a continuous map from X onto Y. Once the critical Hélder
exponent o = o*(X,Y) is identified, we can also ask whether or not it is attained.

Suppose that 1 < m < n. Throughout the paper we equip R” and R™ with the
¢~ norm unless stated otherwise. The orthogonal projection = : [0,1]" — [0, 1]™
from a higher-dimensional cube onto a lower-dimensional cube is Lipschitz with
constant 1. In the other direction, suppose that f : [0,1]™ — [0,1]" is an a-
Holder surjection from a lower-dimensional cube onto a higher-dimensional cube.
Partition the unit cube [0,1]™ into k™ cubes of side length 1/k. By the Holder
condition, the image f(Q;) of each cube Q; from the partition has ¢, diameter at

most Hold, (f)k~* and [0,1]™ C Uf:l f(Q;). Comparing volumes gives
(1.2) 1 =vwol([0,1]") < total volume of the images f(Q;) < Hold,(f)" k™"

for every k > 1. A moment’s reflection shows that this is impossible as k£ — o
unless @ < m/n. Thus, the critical Hélder exponent a*([0,1]™, [0,1]™) < m/n.

Constructions of space-filling curves f : [0,1] — [0,1]™ that are (1/n)-Holder
continuous are now well-known. The first examples, with n = 2, appeared at the
end of the 19th century and are due to Peano [Pea90] and Hilbert [Hil91]. In 1988,
Arnold asked what is the critical exponent of a Holder map from a square onto a
cube and whether the critical exponent is attainable. See [Arn04, Problem 1988-5].
Shchepin [Shcl0] solved the first part of Arnold’s problem by proving that there
exist a-Holder surjections f, : [0,1]™ — [0, 1]™ for every o < m/n. Thus, in view of
the previous paragraph, the critical Holder exponent from an m-cube to an n-cube
is m/n. In this note, we solve the second part of Arnold’s problem by showing the
critical exponent can be attained.

Theorem 1.1. For all m > 2, there is a surjection f : [0,1]™ — [0, 1]™*! satisfying
(13) (I (@) = f(W)lloo < 27F22™ = D)l|lz =yl 2/ for all 2,y € [0,1]™
In particular, there exist (2/3)-Hélder continuous maps from squares onto cubes.

Composing parameterizations of space-filling curves and space-filling surfaces
between consecutive dimensions immediately gives the following:

Corollary 1.2. For all 1 < m < n, there exist (m/n)-Hélder continuous maps
from [0,1]™ onto [0,1]".

The proof of Theorem [I.1]is split between Sections[2]and[3] We present additional
variants of Theorem and discuss the problem of finding best Holder constants
in in Section

To build a space-filling curve, one typically breaks the domain interval [0, 1] and
target cube [0, 1]™ into an equal number of subcubes, labeled so that consecutive
intervals are assigned to neighboring subcubes. This assignment is then refined in a
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self-similar fashion. Shchepin [Shcl0l Theorem 4] proved that no map of this kind
exists from the m-cube onto the n-cube when m < n < 2m, which explains why
classic Peano and Hilbert constructions of space-filling curves fail to produce space-
filling surfaces. Other approaches to space-filling surfaces with different merits were
given by Ahmed and Bokhari [AB07] and Paulsen [Pau23|, but do not achieve the
critical Holder exponent.

Shchepin has announced a solution of Arnold’s problem [Shc26a] in a brief note
that states theorems and formulas but includes no proofs. A few weeks after the first
version of this paper appeared on arXiv, Shchepin posted a manuscript on Research-
Gate [Shc26b] that proves the theorem by a different argument and complements
the proof given below. We obtained our results independently, with complete proofs
and explicit Holder constants.

The starting point for our construction of space-filling surfaces is Stong’s solution
to a discrete variant of Arnold’s problem.

Theorem 1.3 (Stong [Sto98]). For all integers 1 < m < n, there is an (m/n)-
Hoélder bijection from Z™ onto Z™.

In an unpublished manuscript [Sem03, Chapter 9], Semmes notes that existence
of an (m/n)-Holder surjection f : R™ — R"™ should follow by using an appropriate
compactness theorem to take a limit of rescaled copies of Stong’s map on finer and
finer lattices. To prove Theorem[I.1} we follow the spirit of Semmes’ suggestion, but
with an essential improvement. We give a direct generalization of Stong’s argument
that avoids normal families. The original idea of Stong is to take an m-fold product
of an m/(m+1)-Holder map ¢ from Z onto a fractal-like (m+1)/m-dimensional set
X,, C Z*. To obtain Theorem Stong then post-composes @' g : Z™ — X
with a linear transformation from X onto Z™*1. We design continuous analogues
of X,, and g in Section [2] and use Stong’s transformation to complete the proof of
Theorem in Section (3] Key technical steps are the Holder estimate Proposition
and the bi-Lipschitz estimate Proposition Up to a harmless affine change
of coordinates, the final map f : [0,1]™ — [0,1]™*! is then a composition

®7'g s

(L4 [o,u" w 0, 1)+,

f

where E,, C R? is a connected self-similar set of Hausdorff dimension (m + 1)/m
presented as an m/(m+ 1)-Holder curve Eo, = ¢([0,1]), L : R?™ — R™*! is a rank
m + 1 linear transformation, and 7 : R™*! — [0,1]™*! is a projection.

Beyond cubes, the construction of Hélder and Lipschitz parameterizations is an
active subject. Balka and Keleti [BK24] proved a very general existence theorem for
nearly sharp Holder surjections. Badger and Schul [BS25] use square packings to
give a sharper criterion for existence of Lipschitz surjections with Euclidean domains
and metric targets. An application of Theorem to the relationship between
Federer integral rectifiability [Fed47] and Martin-Mattila fractional rectifiability
[MMO93] appears in Badger and Vellis [BV19].

2. PARAMETERIZATION OF X-FRACTALS WITH SMALL HOLDER CONSTANT

Throughout Sections [2] and [3] we fix an integer m > 2 and assign M = 2™ and
a=m/(m+1). The case of interest for Arnold’s square-to-cube problem is m = 2,
M =4, and a = 2/3. Recall we equip vector spaces with the {..-norm.
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FIGURE 2.1. From left to right, we illustrate the first three iterates

E1, Es, and E3 of Q = [—1, 1]? under the IFS & when m = 2.

We now define an “X-shaped” self-similar set F,, in R? with similarity dimension
1/a; see Figure Let Q := [—%, %] ® Divide Q into M? closed subsquares Q, 4 of
side length 1/M, indexed by (p,q) € {0,..., M —1}2. We keep the 2M subsquares
that intersect one of the two diagonals of @@ and throw out the rest, i.e., we keep
Qp,q provided that (p, ¢) belongs to

(2.1) A={(p,q)€{0,.... M -1} :p=qorp+q=M—1}.

Let ¢, 4 denote the unique affine map formed using only dilations and translations
that sends @ to @y 4, i.e.

(2.2) Gp,q(T) = ﬁm + Cpgs Cpq "= <_% + 2571\;1’ _% + %)

Then € = {¢pq : (p,q) € A} is a connected, self-similar iterated function system
(IFS) that satisfies the open set condition (OSC) and has similarity dimension
logp;(2M) = (m + 1)/m; see e.g. [BV21] Section 2]. For a word w = 4y -4, in
the alphabet A, we write ¢, for the composition ¢;, o --- o ¢, . For all words
w of length |w| = n, the image ¢,,(Q) is a square of side length M~". Define
Ey = Ulwlzk ¢ (Q). Then the intersection Eo, 1= mkzo E}, is a nonempty compact
set and Eoo = Jyee ¢(Exo). That is, Ex is the attractor of £, and by Hutchinson’s
theorem [Hut81], E has Hausdorff dimension log,,;(2M) = 1/«a. Since each Ej, is
connected, Hata’s theorem [Hat85] ensures that F., is connected.

Remes’ theorem [Rem98] says that every connected self-similar set in Euclidean
space with the OSC is a S-Holder curve, where 1/ is the similarity dimension.
For an exposition and some extension of Remes’ theorem, see Badger and Vellis
[BV2I]. In particular, it follows that E is an a-Holder curve. Unfortunately,
the Holder constant in Remes’ theorem is implicit and is quite large. To obtain
a parameterization of E., with a small Hélder constant, we implement the graph-
directed IFS method introduced by Rao and Zhang [RZ16] and further developed
with Dai in [DRZ19] and [RZ20]. The proof of Proposition [2.1]is self-contained.

Proposition 2.1. There is an a-Hélder surjection g: [0,1] = Eo, Hold,(g) < 4.

We first construct an a-Holder parameterization s of the attractor of an auxiliary
IFS of triangles. Rotated copies of s are assembled into g at the end of the section.

Every line segment below is horizontal or vertical. For each such segment [a, b],
oriented from a to b, let Ala, b] denote the isosceles right triangle with hypotenuse
[a, b] whose opposite vertex lies to its left. Then diam Ala,b] = ||b — a||so-
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FIGURE 2.2. First two levels of the triangle system when m = 2.
The unions of the hypotenuses are the images of s; and ss.

Let ¢; := (0,0) and ¢2 := (1,0), and let T := Algy, ¢2], whose third vertex is
(%, %) Put K := M/2 and py := ¢q1, and for 0 < j < M let

piiii= (B 4r)s pare = (B 5E) forallj< K,
P2j+1 = (ﬁ7 M?wlfj), P2j+2 = (%, M;Wl*j) for all j > K.

Consecutive points differ by 1/M in exactly one coordinate. The first M of them
climb from ¢; to pys, the vertex of T' opposite the hypotenuse, and the last M
descend to pops = ¢o, tracing the staircase on the left of Figure 2.2l They are
distinct except that py;—1 = pasry1- The last triangle of the climb and the first of
the descent therefore share a hypotenuse and lie on opposite sides of it.

For 1 < i < 2M, let v¥; be the orientation-preserving similarity carrying ¢; to
pi—1 and g2 to p;. Its ratio is 1/M and ¢;(T) = Alpi—1,p;] C T. Then F :=
{1,...,0ap} is a connected, self-similar IFS satisfying the OSC, with similarity
dimension log,;(2M) = (m + 1)/m. For a word w = i;---ij in the alphabet
{1,...,2M}, we write 1, for the composite map 1;, o---o01);, and call 1y, ([q1, g2])
a level-k segment and 1,,(T) its triangle, of diameter M ~*. Taken in lexicographic
order, the (2M)F level-k segments meet head to tail and run from q; to go. Define
Vi = U|w\:k ¥w(T). Then the intersection V, := nkzo Vi is a nonempty compact
set and Vo, = UwE}-w(VOC). That is, V4 is the attractor of F.

Divide [0,1] into intervals Iy 1, ..., Iy (aarys of equal length, write Jy := I =
[lk, %], and put Ay := g (T).

Lemma 2.2. There is a continuous surjection s: [0,1] = Vo, with s(0) = ¢1 and
s(1) = qo such that, whenever w is the j-th word of length k (in the sense above),

(2.3) s(x) = o (5((2M)kx —j+1) foralxzel,
and
(2.4) s(I,5) C u(T).

Proof. Let si: [0,1] — T be the piecewise affine constant speed map that traverses
the j-th level-k segment on I}, ;, with s5(0) = ¢1 and sx(1) = g2. See Figure

Let w be the j-th word of length k. The level-(k + 1) segments descending from
the j-th level-k segment are the images under v, of the level-l segments, in the
same order. Hence si1;(z) = 9y, (s1((2M)*x — j + 1)) for x € I ;.
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Now let [ > k. The set s;(Ix ;) lies in the triangle ¢,,(T"), and so does si(Ix,;),
which is the hypotenuse of 1, (T). Since 1, (T) has £, diameter M ~*_ it follows
that ||s; — sk||ec < M ~F. Hence the maps s}, converge uniformly to some continuous
function s that runs from q1 to go. Letting | — oo gives and .

By (2.4 -, the image I' = s([0, 1]) lies in every V}, hence F C V. Conversely, any
z € V lies in a level-k triangle for each k. Thus, z is within M “k of an endpoint
of that triangle’s hypotenuse, and such endpoints belong to I'. As I is compact, we
see that z € T'and I' = V. O

Fix s as in Lemma and write s = (£, n) for its coordinate functions. Then s
maps the interval Jy into the triangle Ay by . Moreover, since (2M)* = M,
the ratio ||s(z) — s(¥)||co/|z — y|* is unchanged when an interval I, ; is carried onto
[0,1] by (2.3). Because s takes values in T = {(z,y) : 0 <y < min(z, 1 — z)},

(2.5) 0 <n<min{&, 1-¢}.
It follows that ||s(z) — ¢1]|eo = &(z) and ||g2 — $(x)]|coc = 1 — £(x) for every .
Lemma 2.3. For all u € [0,1], we have (1 —u) =1 —&(u), n(1 —u) = n(u), and

s(BE) = LG+ &), j+n(u) } _
2.6 ) or all 0 K,
26) s(2E) = LG+ 1 —n(u), j+ &) I =7
s(BE) = (G +n(w), M—j—¢u)) } ,
2.7 ) or all K < M.
BT (i) 3G, M1 ) [ SIS

Proof. The four displayed identities are with k = 1. The segments in question
run from py; to p2j+1 and from pyji1 to pajioe, and they are traversed to the
right and upward when j < K, downward and to the right when 57 > K. The
corresponding similarity 1; is therefore M ! times the identity, the quarter-turn,
or its inverse, followed by the translation carrying ¢; to the initial point of the

segment. The first assertion holds because reflection in the line z = % carries the
system of triangles to itself and reverses the order of the segments. The same
identities hold with siy; and s in place of s. O

Lemma 2.4. Let \ := 217« = 2V/(m+1)  For qll 2 € [0, 1],
(2.8) [s(z) = qillc <Az and [lgz — s(z)[oc <A1 — )"

Proof. Put E( )= mm{x+ Ve ””“} for 0 < z < 1; see Flgure It is mcreasmg

and concave, with §( ) =1, § <1 and 25( ) <z + 1. We claim that £ < f

It is enough to prove the clalm for the approximations sk = (&, mx) of Lemma
and let k& — oo Each s; takes values in 7', and ) holds for &, and 7. In
particular n, < 5. For k = 0 it holds because &y (z ) =z < 5( ). Suppose it holds
for s and Write x = (i+u)/(2M) with 0 < i < 2M and u € [0,1]. Substituting
the inductive hypothesis into and leaves four cases.

e i =2j with j < K. Then &1 (2) < (j + &(u))/M. Since z < Ul < ML

we have E(:c) =x+ ﬁ = 23+”+1 . The required inequality is 2{( ) <wu+1.
i =2j+1with j < K. Then Eppr(2) < (5 +1)/M by (235), while € is

2541\ _ 25+2 _ j+1
increasing and f( ) =37 =495
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FIGURE 2.3. Graphs of £ (the first coordinate of s, drawn using
its level 3 approximation) and £ when m = 2.
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e i = 2j with j > K. Then &1(z) < (j + 3)/M = 2, while £(z) >
g(j/M) = min{%, %}, and j < M — 1.
e i=2j+1withj > K. Then &1 (z) < (j+&(uw))/M, and the two branches

~ ~ A~

of &(x) call for 26(u) < u—+ 2 and 4¢(u) < 2M + 14w — 25. The first holds
because £ < 1, and the second because 2£(u) <u+1and j < M — 1.

Now let 0 < 2 < 1. Taking j = 0 in (2.6) gives £(z) = £(2Mx)/M for z < 1.
The ratio £(z)/x® is therefore unchanged when x is replaced by 2Mz, and we may

assume that > ;--. On each of the two affine pieces of ¢ the ratio g(:c)/xa

is largest at an endpoint, because the derivative of (¢ + kxz)x~* has the sign of

(1 — a)kz — ac. At x = 537 and at @ = 1 that ratio equals 1, and at the corner

1. 1 1\~ - 2M-1 1 1
z=1- 4 it equals (1 — 5)(1 - &) S o = Ltam=s S 1+t o <

2V/(m+1) = X using (1—2)* > 1— 4, then 2M —2 > 2(m+1), then 2! > 1+¢In2
with t = mL_H and In2 > 1. We conclude that £(z) < Az®, the first bound in (2.8).
The second follows from the first and Lemma (2.3} since 1 — £(z) = £(1 — ). O

Lemma 2.5. The map s is a-Holder with Hold,(s) < 4V (™D In particular, Vi
is an a-Hélder curve.

Proof. Let x < y in [0,1]. The intervals of level n have length (2M)~", and there
is a largest n for which some interval of level n contains both x and y. Carrying
that interval onto [0, 1] leaves the ratio ||s(z) — s(y)||eo/|z — y|® unchanged. We
may therefore assume that n = 0. Then x € J and y € Jpr with k < k/. Let v :=
k' —k—1 be the number of intervals of level one between them, put a := 2M (ry, — )
and b := 2M (y—{), both in [0, 1], and put r := a+b. Then |z—y| = (v+7)/(2M),
and since (2M)* = M the ratio to be bounded is M||s(z) — s(y)||oo/(v + 7)*.
Carrying Jj, and Ji onto [0, 1] and applying (2.8 at both ends gives
(2.9) M| s(x) — s(1k)|looc < Aa® and  M||s(lr) — s(¥)|loo < AT
If v = 0, then rp = £ and the triangle inequality with (2.9) gives

M]js(z) = s(y)lloe < Mlls(x) = 5(rk)lloc + Mlls(lrr) = 5(y)lloc < A(a® +0).
By Holder’s inequality with conjugate exponents m + 1 and 1/a,
(2.10) Aa® +0%) = \(1,1) - (a*,b*) < A2(a+b)* for all a,b > 0.



8 MATTHEW BADGER AND KEVIN PALMER

Since a + b = r, the ratio is at most A\2.

Suppose next that v > 1. Let D :=||s(rg) — s({x/)||co and 0 := diam (A, U Agr).
Estimating through s(r) and s(¢x/) by and (2.10)), or else that s(z) € Ay and
s(y) € Ay, gives

(2.11) M|s(z) — s(y)||oc < min{\*r®+ DM, §M}.

Consecutive points p; lie 1 /M apart, and the steps alternate between horizontal and
vertical apart from the two vertical steps meeting at pjps. The horizontal steps all
point right and the vertical ones point up and then down. Hence any n consecutive
steps span at most [n/2]/M in either coordinate, and DM < [v/2]. The set
Ak U Ay is spanned by the v 4+ 2 steps from pg_1 to pxs together with the two
vertices opposite their hypotenuses, each lying 1/(2M) beyond its own step in the
orthogonal direction. A coordinate receiving j of those vertices is orthogonal to j
of the extreme steps, and the other v + 2 — j steps span at most (v + 3 — j)/(2M)
along it. Thus, M < (v + 3)/2.
Let p := 272/ Then \?p® = 1, and we show that

(2.12) N(v+p)* >3 forall 1 <v<2M —2.

Its two sides are a concave and an affine function of v, and only the two endpoints
need be checked. At v = 1 the claim is that A2(1 +272/)> > 2, that is, (1 +
2-2/mya > 9(m=1)/(m+1). rajsing both sides to the power 1/a turns this into 1 +
272/m > 9.9-1/m which is (1- 2_1/7")2 > 0. At v = 2M — 2 it suffices to drop
p and prove 2A?(2M — 2)* > 2M + 1. Here (2M — 2)* = M (1 — %)a > M —1.
It therefore suffices that 2A*(M — 1) > 2M + 1, that is, that A? > 14 32— For
m = 2 the two sides are \2 = 41/3 and % For m > 3, 2M — 2 > 3(m + 1) gives
S

Both entries of are now handled at once. If r < p, we use the first entry:
the quantity A*[(v +7)® — r®] decreases in r and is at least A%(v + p)* — 1, which
by is at least ¥+ > [v/2]. If r > p, we use the second entry, which is
at most (v + 3)/2 < A2(v + p)® < A(v + r)®. Either way the ratio is at most
A2 = 41/ (m+1), O

Proof of Proposition[2. Since a translation changes neither Holder constants nor
surjectivity, we may use coordinates in which Q = [0, 1]?. Listed counter-clockwise
from the bottom left, the corners of @ are then g1, g2, g3 := (1,1), and g4 := (0, 1).
These are fixed points of ¢g 0, dar—1,0, Par—1,m—1, and ¢, ar—1. Hence

(213) a1, 92, 493, g4 € Eoo

Let R denote the counter-clockwise rotation by 90° about the center of ). Then
R(q1) = q2, R(q2) = g3, R(g3) = q4, and R(qs) = ¢1. Let g be the concatenation of
the curves s, Ros, R?os, and R> o s of Lemma each traversed on one of four
intervals of equal length. Figure shows three levels of approximation to g when
m = 2.

Let 2 < y in [0,1]. Each R’ is an isometry and each of the four intervals has
length i. An estimate for s transfers to one of them at the cost of a factor 4¢. If
x and y lie in a common interval, Lemma bounds the ratio by 4% - 41/(m+1) If
they lie in adjacent intervals meeting at 7, then bounds ||g(z) — 9(¥)|lec by
4N ((r—z)*+(y—7)*), and with a = 7 —z and b = y— 7 gives 4 -41/(m+1)
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FIGURE 2.4. The images of s1, s, and s3 together with their three
rotated copies when m = 2: s occupies the lower triangle 7', Rs
the right, R%s the upper, and R3s the left.

Otherwise |z —y| > 1 while [lg(z) — g(y)||oo < diam @ = 1, and the ratio is at most
4%, Therefore, Hold, (g) < 4% - 41/(m+1) = gm+1)/(m+1) — 4

It remains to identify the image of g. The triangles Ag; 1 and Agjyo lie in Q5
when j < K and in Q; py—1—; when j > K, and those indices belong to A. The
diagonals of such a square cut it into four triangles, each congruent to M ~'T, and
the 8M triangles obtained in this way are exactly the 8M triangles R7Aj. Let
W = Voo URV UR2V,o U RV, the image of g. We want to show that W = E.
Since V. is the attractor of 7, W = J;c 4 ¢:(W). Since an IFS has a unique
attractor by Hutchinson’s theorem, W = F . O

3. STONG’S TRANSFORMATION AND THE SPACE-FILLING SURFACE

3.1. M-adic representations. Recall M = 2. The M -adic representation of an
integer v, called the generalized base-M expansion in [Sto9§], is the infinite string
-+-do dy dyp with digits d; € {0,1,..., M — 1} obtained as follows. If v > 0, take
the ordinary base-M expansion of v and pad it with infinitely many leading zeros.
If v < 0, take the ordinary expansion of —v — 1 and replace each digit d by its
complement M — 1 — d. The digits are eventually all 0 when v > 0 and eventually
all M — 1 when v < 0. We call this eventual digit the stable digit of v.

Since only the stable digit repeats infinitely often, an M-adic representation is
determined by finitely many digits, and we write

v = [dp, dpfl, ey dO]M

for the integer whose M-adic representation is dp_1, ..., do preceded by infinitely
many copies of d,. The overline marks the stable digit, which lies in {0, M —1}. It
is convenient to let d; := d, for every ¢ > p as well. Then d; is defined for all ¢ > 0
and names the i-th digit of v whether or not it is written. The two extreme cases
are 0 = [0]5y and —1 = [M — 1], where no digit appears outside the overline. We
will use repeatedly that complementing every digit of the expansion of v produces
the expansion of —v — 1.

It may help to see the expansion in the smallest case. Take m = 2. Then M =4
and each digit lies in {0,1,2,3}. Since 22 =1-16+1-44+2and 5 =1-4+1,

22 =10,1,1,2]4 and —6 = [3, 2, 2]4, the digits of —6 being the complements
d — 3 — d of those of 5 = —(—6) — 1, the stable digit included.
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3.2. Stong’s set and bijection. Following [Sto98], set
(3.1) X = {(a,b) €Z%:d;=ciord; =M —1—¢; for every i > 0}

where a = [d,, dp—1, ..., do]a and b = [¢g, ¢4—1, - .., co]m are the M-adic repre-
sentations of a and b. We call this the digit condition. Equivalently, (a,b) € X,,
precisely when (d;,c;) belongs to the alphabet A of for every i > 0, and
Lemma shows that this agreement is no coincidence.

For k > 0, put hy := M*/2 and Sy := X,,, N [~hg, hi)?. Then S}, is the part of
X, inside a square of side M* centered at the origin, and Sy = {(0,0)}. Fix one of
the M* integers b € [~hg, hy). Any a with (a,b) € S}, is determined by dy, . . ., dx_1
and its stable digit. The digit condition allows two values for each, and exactly one
of the two stable digits puts a in [~hg, hy). Hence #S), = M¥ . 2k = 2(m+1k,

Motivated by Stong [Sto98], consider the linear map L: R?™ — R™*! defined
by

(3.2) L((a1,51), -, (G b)) 1= (Z}Zl 2i-1q,, bl,...,bm).

We write P := > 7", 2/~ 1a; for the first coordinate of an image point. Stong’s map
is the restriction F' := L|xm. The digit condition plays no part in the definition of
L. Its role is to make F' a bijection, and in Section [3.3] we apply L to points that
are not lattice points.

Proposition 3.1 (Stong [Sto98]). The map F: X — Z™ " is a bijection.

Since L is a linear map between finite-dimensional Banach spaces, L and F =
L|xm are Lipschitz. We now prove that F is bi-Lipschitz.

Proposition 3.2. For all z € R*™ and all x € X7, ||L(2)]|cc < (M —1)|2]|0c and
MY 2|0 < ||F ()]0 Both constants are sharp.

Proof. Upper bound. The rows of L have coefficient sums Z;":l 2= =M —1 and
1, of which the first is the larger. Therefore, ||L(2)]lcc < (M — 1)z co-

Lower bound. Fix a point z = ((a1,b1),..., (am,bn)) of X7, write F(z) =
(P,b1,...,bn), and set N := ||F(z)||oo. If N =0, then z = 0 by Proposition [3.1]
Hence we may assume N > 1. Write d;;, ¢;j;, and F; for the i-th M-adic digits
of aj, bj, and P. We now set up the equation 2721 2j_1aj = P as a grade school

addition in base M, listing each term a; with multiplicity 27!

position | -+ 41 1 i—1 .- 2 1 0
carry ag; g;—1 (o) o1 a0
ay |-+ digq1 dig dig-1 - dip din dipo
ag |-+ dai41 da; doy—1 -+ da2 dai dap
az |-+ doiq1 dog doi—1 - dog doy dap
A | dmit1 dmi dmi-1 -0 dm2 dmi dmpo
py... P P P, --- P P P

Since Z;nzl 2/=1 = M — 1, the list has M — 1 terms. We perform the addition
one position at a time, beginning at position 0, where there is no carry. The
entries in position ¢, together with the carry ¢;_; into that position, total o;_1 +

Py 2771d; ;. The last M-adic digit of this total is recorded in position i of the
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FicURrE 3.1. The dilation v, carries Se from Stong’s set onto the
corners of the family of squares Fy. Illustrated with m = 2.

sum, and the multiples of M that remain are carried into position ¢ + 1. Writing
o; for the number carried, and formally setting o_; := 0, we obtain

(33) Oi—1+ Z;’nzl 2j_1dj7i = P+ Mo; foralli>0.

Each of the M — 1 entries in a position is at most M — 1, and (M —2) + (M —1)?
M (M —1). Induction on i now gives

(3.4) 0<o; <M-—2.

Put ¢ := [logy, N| + 1. Since |P| and every |b;| are at most N < M?, the
digits P; and ¢;; with ¢ > ¢ are stable digits, hence lie in {0, M — 1}, and the digit
condition puts d;; there as well. Write d; ; = (M — 1)e,; with €;,; € {0,1}, and
put e; := >0, 2971e;;,€{0,1,...,M — 1}. For i > t the identity reads
(35) o;i—1+ (M — 1)61‘ = P, + Mo;.

Reducing (3.5) modulo M gives o;—1 — ¢; = P;, while and 0 < e <M -1
give —(M —-1)<o0;_1—¢; <M —2. Only two cases are possible: ¢; = 0;,_1 when

P, =0,and e; = 0;_1+1 when P, = M — 1. Substituting either identity for e; into
. yields o; = 0;_1.

The digit P; is constant for ¢ > t. Since o; = ;1 for all i > ¢, the carries are
constant from position t — 1 onward. By (3.5), e; is constant for all i > t. Since
e = =1 29~ 1¢,; ; and binary expansions are unique, each ¢, ; is constant for i > ¢.
Hence the M-adic expansion of every a; is stable from position ¢ onward, and thus,
laj| < M* < MN. Since also |b;| < N for every j, ||z]|cc < MN = M||F(ﬂlc)||C>O

Sharpness. For the upper bound, take z = ((1,0),...,(1,0)). For the lower
bound, consider x = ((—M, -1),...,(—M,-1), (M -2, 1)) Each pair lies in X,,,
since =M = [M — 1, 0)ps, =1 =[M — 1|p;, M —2 =10, M —2]ps, and 1 = [0, 1]ps
Then Z;’;l 27 1g; = —M@2m ! — 1)+ 2" (M —2) =0, so |[F(2)|lw = 1 while
|2l = M. O

3.3. Assembling the space-filling surface. Recall that E} denotes the k-th level
approximation of F,, defined in Section

Lemma 3.3. For k > 1, let v,: R? — R? be the dilation yi(x) := M~*z. Then
v carries Sy = Xy N [—hg, hi)? bijectively onto the set of lower-left-hand corners
of the M~*-squares forming Ey; see Figure .
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Proof. We argue by induction on k. The lower-left-hand corners of the squares of
E; are the points 7 (a,b) with (a,b) € [~hy,h1)? and dg = cp or dg = M — 1 — ¢y.
These are exactly the 2M squares @,  with (p, ¢) € A, which settles the case k = 1.

Suppose the claim holds for some k& > 1. The squares of Ej; are obtained by
replacing each square ¢,,(Q) of Ey by the 2M squares ¢y, (q4,¢)(Q) with (d,c) € A,
whose lower-left-hand corner is that of ¢,,(Q) displaced by M~(*+1(d,¢). On the
lattice side, multiplying by M moves every digit of a and b up one place and writes
a 0 in the lowest. The assignment (a,b) — (Ma + d, Mb + ¢) therefore carries
Sk x A bijectively onto Sg41: the digit condition holds in the higher places because
it holds for (a,b), and in the lowest because (d, c) € A. As 11 (Ma+d, Mb+c) =
Yi(a,b) + M=+ (d, ¢), the two agree. O

Lemma 3.4. For every k > 1 we have v(Sk) C Vi+1(Sk+1) C Ewo, and Ex =
Uk21 Vi (Sk)-

Proof. Let v be the lower-left corner of (). By Lemma the points of v (Sk) are
exactly the points ¢, (v) with |w| = k. Since v € E by (2.13) and ¢, (Ex) C Ex,
every such point lies in E,. The index (0, 0) belongs to A and v is the fixed point
of ¢o,0. It follows that ¢y, (v) = ¢y (0,0y(v), which exhibits each point of v (Sy) as a
point of Yx4+1(Sk+1). Finally, any x € E lies in ¢,,(Q) for some word w of length k,
and ¢, (v) is a corner of that square, whence ||z — ¢, (V)]0 < diam ¢, (Q) = M.
The union is therefore dense in F., and it is contained in the compact set F,. O

Since g maps [0,1] onto E,, and L is defined on all of R?™, the assignment
(uis - um) = L(g(u1),...,9(up)) is defined on all of [0,1]™ and has image
L(E;g) We now show that this image contains a cube centered at the origin.

Lemma 3.5. Put B := [—5L-, ﬁ]mﬂ. Then B C L(EZ).

Proof. The set EZ? is compact and L is continuous. We see that L(Eo”})) is compact,
hence closed. Because the dyadic rationals Z[1/2] = |J,~, M ~*Z are dense in R, to
show B C L(EZ), it will suffice to prove that every y € Z[1/2)™ L with Jy]|so <
belongs to L(EX).

Fix such a y and choose k > 1 with z := M*y € Z™*1. Then ||z 0 = M*|y[loo <
M¥/(2M) = hi,/M. Let x := F~'(z), which is defined by Proposition The
lower bound of Proposition [3.2] gives [|z]|cc < M||2|lco < hi. Since that inequality
is strict, every coordinate pair of x lies in X,,, N (—=hy, hg)? C Sk. Hence vx(z) €
('y;g(S’;g))m C E7 by Lemma Since ~,, is multiplication by the scalar A ~* and
L is linear, L(y,(z)) = M *L(z) = M~*F(z) = M~*z = y. d

1
2M

Proof of Theorem[I.1. Let 7 denote the nearest-point projection of R™*! onto B,
which is coordinatewise truncation. Hence 7 is 1-Lipschitz for ||| and the identity
on B. Let T(y) := My+ %(1,...,1), which carries B bijectively onto [0, 1]™! and
scales ||-[|oo by M. Write g := @" g, so that g(u) = (g(u1), ..., g(um)) € R*™ for
u € [0,1]™ and define f:=TomoLog.
For the Holder estimate, let u,v € [0,1]™. Then

1f(w) = f(v)lleo = Ml|lmLg(u) — 7Lg(v)llec < M]|Lg(u) — Lg(v)llo

< MM —1)lig(u) - g@)llee = MM — 1) max|g(u;) — g(v;)llo

<AM(M = Dlu—v[g, = 2"72(2" = Dju -],
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by the scaling of T, the 1-Lipschitz property of 7, the linearity of L together with
the upper bound of Proposition the supremum norm on R?™, and the Holder
condition for g from Proposition Hence f satisfies (|1.3)).

For surjectivity, the image of [0,1)™ under Log is L@), which contains B by
Lemma Since 7 is the identity on B, the composite mo L o g maps [0, 1]™ onto
B, and T carries B onto [0, 1]™T1, O

4. COROLLARIES AND HOLDER CONSTANTS
4.1. Euclidean spaces and convex bodies.

Proof of Corollary[1.3 Let 1 < m < n. A composition of an a-Holder map with

a (-Holder map is af-Holder. Composing the surjections of Theorem in di-

mensions m,m + 1,...,n — 1 gives a surjection of [0,1]™ onto [0,1]™ of exponent
m m+1 n—1 m

T mag ot = ¢ When m = 1 the first map in the chain is instead a

(1/2)-Holder space-filling curve. The case m = n is the identity. (]

Two more results follow with little extra work. In the first, the cubes are replaced
by Euclidean spaces, and in the second, by convex bodies.

Corollary 4.1. For all 1 < m < n, there exist (m/n)-Hélder continuous maps
from R™ onto R™.

Proof. Let f:[0,1]™ — [0,1]™ be an a-Holder surjection, a :=m/n. If @ C R™ is
a cube of side length s and R C R" is a cube of side length s, then composing f
with the dilations and translations carrying @ onto [0,1]™ and [0, 1]™ onto R gives
an a-Holder surjection from @ onto R with the same Holder constant as f. Take
such surjections Fj, from cubes @ C R™ onto the cubes [—k, k]™, and place the
cubes Q. so far apart that points in distinct cubes are separated, in the snowflaked
distance ||z —y||%, by more than the diameter of the larger of the two image cubes.

Fy,

] D — D [—k, k]™
Q1 Q2 Qk

The map that agrees with Fj, on each @ is then a-Ho6lder on the union of the cubes,
because a pair of points in distinct cubes satisfies the Hélder condition with constant
1. Since the a-Holder maps are precisely the maps that are Lipschitz for the
snowflaked distance, the McShane extension theorem, applied to each coordinate,
extends it to an a-Hoélder map on R™, see e.g. [Hei0I]. As the cubes [—k,k]™
exhaust R"™, the extension is surjective. (I

Corollary 4.2. Let 1 < m < n. If J C R™ has nonempty interior and K C R"
is a monempty compact convex set, then there exists an (m/n)-Hélder continuous
surjection from J onto K.

Proof. Since J has nonempty interior, it contains a closed cube @, and K, being
bounded, is contained in a closed cube R. Composing the surjection of Corollary [I.2]
with affine identifications of () and R with unit cubes gives an (m/n)-Holder surjec-
tion h of @ onto R. All norms on a finite-dimensional vector space are bi-Lipschitz
equivalent, and composing a Holder map with Lipschitz maps leaves the exponent
unchanged. Thus, we may use the Euclidean norm. Let p be the nearest-point
projection of R™ onto @ and let m be the nearest-point projection of R™ onto K.



14 MATTHEW BADGER AND KEVIN PALMER

Both are 1-Lipschitz, see e.g. [Brélll Proposition 5.3], and each is the identity on its
image. Since @ C J and K C R, the restriction of mohop to J is an (m/n)-Holder
surjection of J onto K.

4.2. Hélder constants. For a (1/2)-Holder space-filling curve v : [0,1] — [0, 1]2,
the square of the Holder constant with respect to the Euclidean norm on R?, that
is, k() 1= supy, o4, [[7(t2) — v(t1)[13/(t2 — t1), is called the square-to-linear ratio.
The least possible value xk = inf., x(y) satisfies 3.625 < k < 4. The upper bound is
attained by (scaling limits of ) the Niedermeier-Reinhardt-Sanders H-curve [NRS02],
and the lower bound is proved by Shchepin and Mychka [SM21]. Malykhin and
Shchepin [MS23] make an extensive study of Hold, /,, ()" for space-filling curves
v :[0,1] — [0,1]™ when n > 2.

Cube-to-square ratios could be defined similarly for maps between cubes of higher
dimension, but we prefer to think directly about Holder constants. The volume
estimate with o = m/(m + 1) gives H > 1 for every H admissible in (L.3)),
and the following lemma improves that bound.

Lemma 4.3. If f : [0,1]™ — [0, 1]™*! is surjective and satisfies
(4.1) £ (@) = fFW)lloo < Hllz =y 2/ for all z,y € [0,1]™,
then H > 2m/(m+1)

Proof. The 2™+ vertices of [0,1]™*! are pairwise at distance 1 in the supremum
norm. Since f is onto we may choose a preimage of each vertex, and distinct
vertices have distinct preimages. This gives 2™+ distinct points of [0,1]™. Cut

[0, 1]™ into the 2™ closed cubes of side % that meet at the center. Since 2m*! > 2m,

two of the chosen preimages z and y lie in a common cube. Then ||z — y|ls < 1

while || f(z) — f(y)|lco = 1. The Hélder condition now gives 1 = || f(z) — f(¥)]loo <

Hl|z - y||gé/(m+1) < H2-™/(m+D) which is the assertion. O

The least Holder constant of a surjection from [0, 1]™ onto [0, 1]™*! lies between
2m/(m+1) and 2m+2(2m — 1).

Question 4.4. Do there exist m/(m + 1)-Hélder maps from [0,1]™ onto [0, 1]™*!
whose Holder constants are bounded by a universal constant (independent of m)?
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