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General Definition

Let v be a Borel measure on R andlet 1 < m<n-—1.
We say that u is m-rectifiable if there exist countably many

» Lipschitz maps f; : [0,1]™ — R”
such that

I <R” \ U fi([0, 1]'")) =0.

(Federer's terminology: R" is countably (u, m)-rectifiable.)

Examples
» rectifiable curves/surfaces: H™ L f([0,1]™),
> (countably) rectifiable sets: > . H™ L E;, E; C £f;([0,1]™)
» Dirac mass d, at x € R”



Surprising Example
Theorem (Garnett-Killip-Schul 2010)

There exist a doubling measure . on R" (n > 2) with support R"
such that ;1 L HY, but p is 1-rectifiable.
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Grades of Rectifiable Measures

{ m-rectifiable measures p on R" }

)}

{ m-rectifiable measures 1 on R” such that p < H™ }

)}

{ m-rectifiable measures p on R” of the foom p=H" L E }



Absolutely Continuous Rectifiable Measures

The lower and upper (Hausdorff) m-density of a measure p at x:

D — I - D — | - .
(IM,X) ||r|||n (/,L,X) ||Ir sup

Write D™(u, x), the m-density of u at x, if D™(u,x) = D" (u, x).

Theorem (Mattila 1975)

Suppose that E C R" is Borel and n = H™ L E is locally finite.
Then . is m-rectifiable if and only if D™ (u,x) = 1 p-a.e.

Theorem (Preiss 1987)

Suppose that p is a locally finite Borel measure on R". Then p is
m-rectifiable and . < H™ if and only if 0 < D™(u, x) < oo p-a.e.

There are additional characterizations (tangent measures, etc.)



General Rectifiable Measures

Problem
For all 1 < m < n—1, find necessary and sufficient conditions for
a locally finite Borel measure i on R" to be m-rectifiable.

» Do not assume p << H™.

Theorem (B-Schul)
Necessary condition for the case m =1 and n > 2:

If u is 1-rectifiable, then at p-almost every x € R",
» 1L B(x,r) concentrates mass around a line { , as r — 0, or

» the density u(B(x, r))/r — oo sufficiently fast as r — 0.
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L2 Beta Numbers

Let u be a locally finite Borel measure on R" and @ C R” a cube.
Define the L2 beta number 83(u, Q) € [0,1] by

BB, Q) = inf /Q (dﬁfﬁ’ £)>2 ‘,1‘583

where the infimum runs over all lines ¢ in R".




L2 Jones Functions
A collection {w(u, Q)} of weights ~» weighted L2 Jones function:

B rx) = Y B3k 3Q)w(n, Q)xq(x).

side Q<r
Q dyadic

Two Special Cases

w(p, Q) =1 ~ ordinary L? Jones function

Sprx)= Y B3(13Q)xe(x).
side Q<r
Q dyadic

-1
w(p, Q) = (dﬁfn?)Q) ~~ density-normalized L? Jones function

diam Q
n(@

J ()uar X Z 52 N73Q)

side Q<r
Q dyadic

X (x)-



Ordinary Jones Function and Rectifiable Sets

A Borel measure p on R” is m-Ahlfors regular if pu(B(x,r)) ~ r™
for all x in the support of p and for all 0 < r < ro(p).

Theorem (David-Semmes 1991)

Suppose E C R" is closed and 1 = H™ |_ E is m-AR. Then p is
uniformly m-rectifiable if and only if

/ Jo(py ryx)du(x) S r™ o forall xo € E, 0 < r < diam E.
B(xo,r)

Theorem (Pajot 1997)
Suppose K C R" is compact and i = H™ L K.

> Suppose i is m-AR. Then p is m-rectifiable if and only if
Jo(p, x) < oo p-a.e

> Suppose H™(K) < co. Then v is m-rectifiable if both
D™(u,x) >0 and J(u, x) < oo p-a.e.
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Necessary Conditions for 1-Rectifiable Measures

Theorem (B-Schul)
Let i be a locally finite Borel measure on R".

> If u is 1-rectifiable, then

dlam Q
bpx)= Y B Q) xqQ(x) <oo p-ae
side Q<1
Q dyadic

» If v is I-rectifiable and ji < H?, then

D, x)= Y B3(1,3Q)xq(x) <oo p-ae

side Q<1
Q dyadic

Corollary (B-Schul + Pajot 1997)

Suppose K C R" is compact and H(K) < co. Then up=H'L K
I-rectifiable if and only if DY(p, x) > 0 and Jy(j1,x) < 0o pi-a.e.



Heart of the Theorem
Proposition (B-Schul)

Suppose v(R") < oo, I C R" is a rectifiable curve, E C I is Borel
and vV(EN B(x,r)) > cr forall x € E and 0 < r < ry. Then

/E To(v, 10, X)d(x) Sme HA(T) + (R T).

g fE jz(y’ ro, x)dv(x) = Zzi)de Q<rg 5%(% 3Q) diam Qy(,jg?)
dyadic

» Dyadic cubes Q@ with »(EN Q) > 0 ~~ two classes:
{65(v,3Q) < Ar(3Q)} and {6r(3Q) < B5(v,3Q)}

» Sum over first class <, H*(I): Traveling Salesman Theorem
for Rectifiable Curves (Jones 1990 in R2, Okikiolu 1992 in R")

» Sum over second class S, ¥(R”\ T'): New Estimate!



Future Directions

Problem
For all 1 < m < n—1, find necessary and sufficient conditions for
a locally finite Borel measure i on R" to be m-rectifiable.

» Do not assume p << H™.

Necessary Conditions
> If pis m-rectifiable, then D™(u, x) > 0 u-a.e.

> If uis 1-rectifiable, then Ja(u, x) < 0o p-a.e. (B-Schul)

» What happens for m-rectifiable measures, m > 27

Sufficient Conditions
> If D'(11,x) > 0 and Jo(u, x) < 0o p-a.e., is 1 1-rectifiable?
» Same ? is open for u < H! (but settled for u = H! L K).



